ADA A1¢6 407

Theoretical and Experimental Analyses
of

Parallel Combinatorial Algorithms
by
Cynthia A. Phillips

S.M. EECS, Massachusetts Institute of Technology (19853)
B.A. Applied Mathematics, Harvard University (1983)

Submitted to the Department of Electrical Engineering and Computer Science
in partial fuifillment of the requirements for the degree of

Doctor of Philosophy
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
October 1989

© Massachusetts Institute of Technology 1989
All rights reserved

Signature of Author CoanZbz A . Lbtlayne
Department of Electrical Engineering and Computer Science

October 1989

Charles E. Leiserson

Associate Professcr of Computer Science and Engineering
Thesis Supervisor

Certified by

Accepted by

Arthur C. Smith
Chairman, Departmental Committee on Graduate Students



| e —

Unclassified

SECURITY CLASSIFICATION OF THIS PAGE

| )rfpgr( DocumENTATION PAGE

1. REPORT SECURITY CLASSIFICATI
Unclassified

ELECTE 1b. RESTRICTIVE MARKINGS

22. SECURITY CLASSIFICATION AUT! . DISTRIBUTION/AVAILABILITY OF REPORT

Approved for public release; distribution

2b. DECLASSIFICATION / DOWNGRA HEDULE is unlimited.
4. PERFORMING ORGANIZATION REPORT NUMBER(B S. Mgggomng ORGANISZATION REPORT NUMBER(S)
) N00014-87-K-0825
MIT/LCS/TR-462 N . .
' - - -} N00014-86-K0593
6a. NAME OF PERFORMING ORGANIZATION 6b. OFFICE SYMBOL | 7a. NAME OF MONITORING ORGANIZATION
(If applicable)

MIT Lab for Computer Science P Office of Maval Research/Dept. of Navy
6¢. ADDRESS (Cty, State, and ZIP Code) 7b. ADORESS (City, State, and ZIP Code)

545 Technology Square Information Systems Program

Cambridge, MA 02139 Arlingron, VA 22217
8a. NAME OF FUNDING / SPONSORING 8b. OFFICE SYMBOL | 9. PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER

ORGANIZATION (If applicabie}

DARPA/DOD
8¢c. ADDRESS (City, State, and 2P Code) 10. SOURCE OF FUNDING NUMBERS

. PROGRAM PROJECT TASK WORK UNIT
1400 Wilson Blvd. ELEMENT NO. | NO. NO. ACCESSION NO.
Arlington, VA 22217

11. TITLE (Inciude Security Classification)

Theoretical and Experimental Analyses of Parallel Combinatorial Algorithms

12. PERSONAL AUTHOR(S)

13a. TYPE OF REPORT 13b. TIME COVERED 14. DATE OF REPORT (Year, Month, Day) {15. PAGE COUNT
Technical FROM __________TO________ October 1989 153

16. SUPPLEMENTARY NGTATION \

- — ’
R e

COSATI CODES 18. SUBJECT TERMS (Continue on reverse if necessary and identfy by block number)
FIELD GROUP SUB-GROUP parallel algorithms, combinatorial algorithms, graphs,
graph contraction, connected components, linear algebra,
matrices, hypercube, Connection Machine, load balancing,

19. ABSTRACT (Continue on reverse if necessary and identify by block number)

~

This thesis investigates parallel algorithms for a small, but representative, subclass of graph and
matrix problems. In some cases, we develop new algorithms which we analyze for theoretical
efficiency. In other cases, we modify and implement existing algorithms which we analyze for
practical efficiency. ,

We show how n-node, e-edge graphs can be contractedin a manner similar to the parallel tree
contraction algorithm due to Miller and Reif. We give an O((n+e)/1gn)-processor deterministic
algorithm that contracts a graph in O(1g? n) time in the EREW PRAM model. We also give an
O(n/1g n)-processor randomized algorithm that with high probability can contract a bounded- /
degree graph in O(lgn+1g? v) time, where v is the maximum genus of any connected component ,
of the graph. (The algorithm can be made to run in deterministic O(lgnlg" n +1g?v) time
using known techniques.) This algorithm does not require a priori knowledge of the genus

20. OISTRIBUTION / AVAILABILITY OF ABSTRACT 21. ABSTRACT SECURITY CLASSIFICATION
3 uncLassifeouNumiTED [ saMe As ReT. [ omic users Unclassified

22a. NAME OF RESPONSIBLE INDIVIDUAL 22b. TELEPHONE (Include Area Code) | 22¢c. OFFICE SYMBOL
Judy Little (617) 253-5894

D FORM 1473, 84 MAR 83 APR edition may be used until erauste_d. . SECURITY CLASSIFICATION OF THIS PAGE

All ather editions are qusotete.
Prinsing Offien T908-807-047

sus
Unclassified




—

18. cont.

combinatorial optimization, assignment, Traveling Salesman Problem, permutation,
networks, Benes network,VLSI.

19. cont.

of the graph to be contracted. The contraction algorithm for bounded-degree graphs can be
used directly to solve the problem of region labeling in vision systems, i.e., determining the
connected components of bounded-degree planar graphs in O(lgn) time, thus improving the
best previous bound of O(lg? n).

We also describe four APL-like primitives for manipulating dense matrices and vectors and
describe their implementation on the Connection Machine ! hypercube multiprocessor. These
primitives provide a natural way of specifying parallel matrix algorithms independently of
machine size or architecture and can actually enhance efficiency by facilitating automatic load
balancing. The implementations are efficient in the frequently occurring case where there are
fewer processors than matrix elements. In particular, if there are m > plgp matrix elements,
where p is the number of processors, then the implementations of some of the primitives are
asymptotically optimal for a weak hypercube in that the processor-time product is no more

'Connection Machine is a registered trademark of Thinking Machines Corporation

than a constant factor higher than the running time of the best serial algorithm. Furthermore,
the parallel time required is optimal to within a constant factor. Qur implementation of the
primitives on the Connection Machine 2 system improved the performance of a simplex program
for linear programming by almost an order of magnitude over a naive implementation, from 55
Mflops to 525 Mflops.

We investigate dimension-ezchange load balancing which is a generalization of one of the
techniques used in the hypercube implementation of the vector-matrix primitives. We show that
when tasks are considered indivisible, after one pass of dimension-exchange load balancing, in
the worst case, some processor will have O(lg n) tasks over the average. We also show that there
is an initial distribution of tasks for which this load-balancing strategy requires an average of
O(1g n) messages for each unit reduction in the global maximum number of tasks.

We report on preliminary experimental investigations which indicate that massively par-
allel computers like the Connection Machine (CM) appear to be well suited for both sparse
and dense implementations of dual relaxation algorithms for network optimization. Imple-
mentations of a dense version of a known algorithm for the assignment problem and parallel
versions of known heuristics for the traveling salesman problem suffered from a “sequential tal”
phenomenon. Tail-cutting heuristics with appropriate (case-sensitive) parameters improved
performance markedly.

We detail the design of a VLSI chip which pseudorandomly permutes bit-serial messages by
sending them through a Benes network whose switches have been pseudorandomly set. Provid-
ing a pseudorandom permuter in a simple, high-throughput chip could improve the performance
of routing algorithms for multiprocessors.
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Introduction

Those faced with a huge computational task that must be accomplished in real time, or an as-
tronomical task that must be performed in moderate time, are turning increasingly to massively
parallel computers. Although the technology is promising, it is still too early to tell to what
extent the attention and enthusiasm directed at parallel computing is justified. We still do not
know the best way to build parallel machines. Although there is a growing body of theoretical
research on parallel algorithms, there is a relative dearth of parallel systems toois and practical
programming experience. The systems and architectural experience from VLSI design — mas-
sively parallel processing on the microscopic level — and algorithmic and linguistic techniques
from sequential computing cannot be trivially generalized.

When faced with a largely unexplored domain with so much potential for complication,
we are motivated by the following principle: whenever possible, keep things simple. Thus we
aim for algorithmic, linguistic, and high- and low-level architectural simplicity without losing
sight of our ultimate goal of performance. We measure performance in two ways: theoretical
asymptotic performance relative to a realistic model of parallel computation, and actual per-
formance as observed from implementations on actual parallel machines. The two goals are not
incompatible. In some cases we can achieve performance because of simplicity. For example,
simple algorithms and high-level languages lead to high programmer productivity and simple
hardware components can lead to fast clocking and high throughput. In the best cases we
can also achieve theoretically good performance in spite of simplicity. Frequently, algorithms
that are theoretically good are initially complicated and simplicity comes later when we have
acquired a greater understanding of the problem.

In the thesis, we concentrate on a set of combinatorial problems most of which can be for-
malized using graphs and for matrices. This class of problems is particularly suited for parallel
study from both a theoretical and practical standpoint. Because they offer a flexible represen-
tation of relationships among finite sets of objects, graphs and matrices are good models of real
phenomena. There are many real instances of these problems in a wide range of application
areas including defense planning, vision systems, operations research, transportation, engineer-
ing design, financial planning, and artificial intelligence. The problems that people actually
want to solve are so large that they are infeasible on all but the largest supercomputers, and
as computing resources increase, the problem sizes will grow too. For example, people will
perform more fine-grained simulations or model larger systems. Because graphs and matrices
are clean, mathematical objects, they are well suited for theoretical study. Because of the large
problem size in practice, these asymptotic analyses are likely to be good indicators of actual
performance, provided the models used for the analyses are sufficiently realistic.

We address a large number of concerns for a large class of problems, and therefore the
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results of this thesis are not all directly related. Each chapter is self-contained and can be read
independently. Virtually all achieve our goals to some extent by presenting some combination
of simple algorithmic, linguistic, and architectural techniques which offer theoretical and/or
heuristic parallel speedup.

The remainder of the thesis is organized as follows. Chapter 1 gives background on the
models used in the theoretical analyses of this thesis, defines the relevant interconnection net-
works, and describes the Connection Machine hypercube multiprocessor which is the parallel
system used for all experimental studies in this thesis.

Chapter 2 presents simple algorithms which contract graphs in a manner similar to the
parallel tree contraction algorithm due to Miller and Reif. Suppose, for example, that each
processor of a parallel machine contains one pixel of an image downloaded from a digital camera.
Each processor knows only a set of neighboring processors that have the same color. Suppose
we want each object in the pictuie to be displayed in a unique color. Then each processor must
know to which object it belongs. If we represent the pixels as nodes of a graph and connect two
processors by an edge if and only if they represent neighboring pixels of the same color, then
the problem reduces to the connected components problem.

The technique of graph contraction is illustrated in figure 0-1. We start with an arbitrary
graph and group sets of nodes that are known to be connected into super nodes. One can
think of one node taking the edge connecting it to a neighbor and “pulling” the neighbor
into itself until the edge is of length 0 and the two nodes are one. In the figure, we contract
only single edges. An external observer looking at the contracted graph sees only the section
shown in heavy lines on each step. The supernodes, however, maintain the illustrated inner
structure so that the process can be reversed, thus restoring the old graph with knowledge of
the globally connected components. The contraction processes ends when all nodes from the
same component are inside a single supernode.

We present a contraction algorithm for bounded-degree graphs (or general graphs given an
embedding) which is asymptotically superior to any previous connected components algorithm
for the EREW PRAM model, the most easily implemented of the standard PRAM models.
More precisely, we give an O((n + €)/lgn)-processor deterministic algorithm that contracts a
graphin O(lg? n) timein this model. We also give an O(n/ 1g n)-processor randomized algorithm
that with high probability can contract a bounded-degree graphin O(lgn +1g% v) time, where ¥
is the maximum genus of any connected component of the graph. (The algorithm can be made
to run in deterministic O(lgnlg” n +1g* v) time using known techniques.) This algorithm does
not require a priori knowledge of the genus of the graph to be contracted. These are the best
times to date for bounded-degree graphs of moderate genus, namely 7 = o(n‘) for constant
¢ > 0. For the imaging problem we mentioned earlier, the graph arising from the pixels is
planar and of bounded degree. Therefore, we can find the connected components in O(ign)
time, thus improving the best previous bound of O(lg? n).

Chapter 3 describes four APL-like primitives for manipulating dense matrices and vectors
and describes their implementation on the Connection Machine. These primitives provide a
simple, natural way of specifying parallel matrix algorithms independently of machine size or
architecture and can actually enhance efficiency by facilitating automatic load balancing. These
simple language primitives have a simple implementation on a hypercube machine. Not only
did the implementations give tremendous experirnental speedup of applications running on the
Connection Machine, but also they are theoretically efficient in the frequently occurring case




10
CONTENTS

Figure 0-1: During graph contraction. neighboring nodes are grouped into supernodes, by con-
ceptually “contracting” their conneciing edges, until each component is an isolated supernode.
The graph resulting from each successive contraction step is shown in heavy lines.
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where there are fewer processors than matrix elements.

Chapter 4 considers a load-balancing technique that is a generalization of the hypercube
implementation of the extract primitive presented in chapter 3. For any distribution of com-
putations on a hypercube, we can balance the load by proceeding through each dimension and
balancing the load between neighbors in that dimension. Cybenko [32] calls this technique the
dimension-ezchange method and he proves that it is superior to a diffusion method where each
processor averages the work among all neighbors on each step. Cybenko’s analysis allows tasks
to be infinitely divisible. We consider the case where computations are indivisible, as they are
in practice when the tasks are primitive operations. In particular we show that for a single pass
through all dimensions, the processor with the most elements will have O(lgn) elements over
the average where n is the number of processors in the hypercube. We can achieve the upper
bound by simply dividing equally among neighbors with any extra tasks going to the proces-
sor whose identifier has even parity. We present a lower-bound proof which suffices for any
oblivious dimension-exchange strategy which divides work evenly (within one). In this contex",
oblivious means that two processors use strictly local information when dividing work. Finaliy,
we consider the benefits of reduced load vs. the added message complexity of the load-reduction
process. In particular we show that there is a distribution of work such that the load balancing
algorithm sends (wlgn) messages to achieve a work reduction of O(w).

Chapters 5 and 6 report preliminary results of implementations of several optimization algo-
rithms. In these chapters we use simple heuristics to obtain experimental speedup. Chapter 5
describes a dense implementations the assignment problem and chapter 6 describes a sparse par-
allel implementation of known heuristics for the NP-complete traveling salesman problem. Both
of these implementations involve iteratively improving a feasible solution until some stopping
criterion is met. For the case of the polynomial-time assignment algorithm, we are not supposed
to stop until we reach optimality. The iterative improvement in both cases suffered from a “se-
quential tail” phenomenon, meaning that most of the parallelism occurred early, and the final
fine-tuning became almost, if not entirely, sequential. The Comnnection Machine achieves its
advantage by performing many parallel operations using simple, slow processors. This sequen-
tial tail could therefore be devastating for a Connection Machine implementation. Tail-cutting
heuristics with appropriate (case-sensitive) parameters improved performance markedly without
greatly hurting the quality of the output.

Chapter 7 differs somewhat from the preceding chapters because it describes a hardware
solution to a more classical combinatorial problem. This chapter details the design of a VLSI
chip, manufactured through MOSIS, which pseudorandomly permutes bit-serial messages by
sending them through a Benes network whose switches have been pseudorandomly set. Provid-
ing a pseudorandom permuter in a simple, high-throughput chip could improve the performance
of routing algorithms for multiprocessors. .




Chapter 1

Preliminaries

In this chapter we give background on theoretical models and actual machines used in this thesis.
Section 1.1 describes some theoretical models that have been proposed for parallel computers.
highlighting those models used in the analysis of the algorithms described in this thesis. In
particular it defines the popular parallel random access machine (PRAM) and discusses the
relative power of its subclasses. Section 1.2 lists some of the interconnection networks used to
build actual parallel computers and defines the two of relevance to this thesis: the hypercube
and the Benes network. Finally, section 1.3 describes the features of the Connection Machine,
the parallel computer used for all implementations described in this thesis.

1.1 Parallel Models of Computation

In this section we describe briefly some of the models used in analyzing the performance of
parallel algorithms. The major models of interest are the distributed model, the parallel random
access machine (PRAM) family of models and the data-parallel model. We explain where the
models differ and indicate which models are used in the various analyses of this thesis.

1.1.1 The Distributed Model

In the distributed model of computation, n processors are interconnected by some two-point
interconnection network. That is, the network forms a graph G = (V, E) where the vertices
V are the processors and edge (u,v) € E if and only if there is a communication channel
connecting processors u and v. Usually, the network is restricted to bounded degree. In one
step, each processor can send messages to one or more of its neighbors, but no communication
can occur between non-neighbors.

For most algorithms, each processor requires some information from each other processor
before it can make any final decisions. In this case the diameter of the network (i. e., the
largest distance separating two processors) is a lower bound on the number of steps required
to correctly execute the algorithm. For currently-realizable networks (for example, bounded-
degree networks) the diameter is at least (lg ») and it can be an large as n.

The running time in the distributed model is an appropriate complexity measure for. ma-
chines such as simple mesh-connected processors where processors may have to communicate
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over long paths. Our analyses of the load-balancing algorithms described in section 3 fit the dis-
tributed model in that we assume that communication occurs only along hypercube wires. Much
of the research in the field of distributed computing is dedicated to issues related to networks
of asynchronous processors, for example how io reach agreement, fault tolerance, clocking, etc.
We consider all networks in this thesis, however, to be synchronous, and therefore our focus
and analyses do not have the flavor of standard distributed arguments.

1.1.2 The PRAM Family of Models

In the parallel random access machine (PRAM) model, n processors are all connected to a
common random access memory. Equivalently, each processor owns some local storage which
all other processors can access. On a single step, each processor can read or write a location
in the common memory and perform a simple arithmetic operation. This model was first
formalized by Fortune and Wyllie [41]. Other early descriptions of PRAMs can be found in
(51,59,100,108]. The three main types of PRAMs are distinguished by the way they handle read
and write conflicts. In the exclusive-read exclusive-write (EREW) PRAM no simultaneous
access of any kind is allowed. In the concurrent-read exclusive-write (CREW) PRAM, any
number of processors can read a single location at the same time, but no two processors can
write to the same location at the same time. Finally in the concurrent-read concurrent-write
(CRCW) PRAM any number of processors can write to the same location at the same time.
Many write conflict resolution policies appear in the literature including: the highest priority
processor wins (priority), an arbitrary processor wins (arbitrary), all processor writing a location
must write the same value (common), or detectable noise is written.

Other variations of the PRAM model have appeared in the literature. We mention just a
few of note. In the family of owner-write models (EROW, CROW) introduced by Dymond and
Ruzzo [36], each memory cell is owned by a processor and only the owner is allowed to write
that cell. In the scan model introduced by Blelloch [14], parallel prefix computations can be
performed in unit time. The distributed random access machine introduced by Leiserson and
Maggs (78], as its name implies, captures some of the essential features of both the PRAM
family of models and the distributed model. It is like the EREW PRAM model except that it
assumes abstractly that there exists some underlying interconnection network. In this model
there is a penalty for communications patterns that force a large number of messages across
a small-bandwidth cut of the underlying intercommunication network. In practice, algorithms
developed for the DRAM do not assume a specific interconnection network, but instead em-
ploy techniques that guarantee good communication behavior provided the initial problem is
embedded well on the real machine.

The two main complexity measures in PRAM algorithms are the number of steps (time
T) and the number of processors P. A parallel algorithm has optimal speedup if the product
PT equals the running time of the best known sequential algorithm. This definition stems in
part from the inherent tradeoff between number of processors and running time. For example
an algorithm that runs in time T using P processors can use half the number of processors
if the time is doubled. Each processor simulates two. Thus in any of the parallel algorithms
discussed, we can reduce the number of processors at the cost of a little more time.

From a complexity theoretic viewpoint, the the three main types of PRAM form a strict
hierarchy with the CRCW the most powerful, the CREW the next most powerful, and finally




14 CHAPTER 1. PRELIMINARIES

the EREW the most restrictive. In terms of simuluting each other, the gap is not large. A
PRAM can trivially simulate any PRAM lower in the hierarchy. Thus any algorithm that runs
in time T on an EREW will run on at most time T on a CREW or CRCW PRAM. Similarly,
any algorithm that runs in time T on a CREW PRAM will require at most time T to run on a
CRCW PRAM. Simulating a more powerful PRAM is also not too costly. Summarizing results
of Eckstein [37] and Vishkin [123], Karp and Ramachandran show how any algorithm that runs
in T steps on a CRCW PRAM with P processors can be simulated by a P-processor EREW
PRAM using T'lg P steps (G9].

Considerable investigation of the theoretical power of concurrency has led to the separation
of the PRAM classes into the hierarchy described above. To demonstrate that concurrent write
is more powerful than exclusive write, Cook, Dwork, and Reischuk [28] proved that the OR
function on n bits requires Q(lgn) time on a CREW PRAM even if that PRAM has unlimited
processors, unlimited memory and memory wordsize, and unlimited computational power on
each step. We can see, however, that a common CRCW PRAM can compute the OR in constant
time with n processors each having constant number of bounded-sized memory cells. We simply
initialize the first memory cell to 0 and have the ith processor write a 1 into the first memory
cell if input bit i is 1.

A similar theoretical gap exists for concurrent reads. Snir [112] showed that range searching
in a sorted list of size n requires ©(\/Ign) time on any EREW PRAM, but only constant time
on a CREW PRAM. Because the input list is assuned to be sorted, the input domain is not
complete and the CREW PRAM can take advantage of this special knowledge. Gafni, Naor,
and Ragde [44] found a function with complete domain that separates the EREW and CROW
models. Recently, Fich and Widgerson [39] describe a boolean decision tree problem with a
complete domain which separates the EROW PRAM from the CROW PRAM.

There does not appear to be a large theoretical difference between owner write and exclusive
write. Nisan [92] proved that any boolean function with a complete domain has the same time
complexity on CREW and CROW PRAMSs to within a small constant factor. The Nisan result
may seem a bit surprising in light of the “separation” shown by Cook, Dwork, and Reischuk
(28]. They show that the OR of n variables containing at most one 1 requires Q(lgn) time on
a CROW PRAM, but only constant time on a CREW PRAM. For this problem, however, the
domain is not complete and the CREW PRAM can use the special knowledge.

For more discussions of models, see [27,78,124]. Karp and Ramachandran [69] also survey
results that yield a hierarchy among the CRCW PRAMs according to write-conflict resolution
policies.

The PRAM model abstracts away the details of communication, allowing instead the com-
parison of inherent parallelism of algorithms. The model is indicative of the reasoning one uses
in high-level programming of a machine, such as the Connection Machine, which has a general-
purpose routing network. In practice, however, someone has to worry about how communication
is actually performed. In particular, the processors must be connected by a physically realizable
network such as a bounded-degree network or a bounded-size hypercube. Thus to understand
the practicality of any algorithm designed for a PRAM, we must understand how that algo-
rithm will be simulated on a real network and in particular, how packets will be routed to their
destinations.

The most impressive recent packet routing result is Ranade's routing algorithm {102] which
routes any set of n packets (including many-one) to destinations in time O(lg n) on an n-node
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butterfly (or hypercube) network with constant-size queues. The time bound is asymptotically
optimal since any routing algorithm, even for permutations, requires at least the diameter of
the network, and any practical network has diameter at least Q(lgn). Leighton, Maggs. and
Rao [76] have recently achieved similar results for a more general class of networks including the
shuffle-exchange graph and the fat-tree. Ranade builds upon earlier work by Aleliunas (2] and
Upfal [119] who achieve similar results except that they require Olg n-size queues. Ranade's
result seems to nullify the distinction between EREW and CRCW PRAMs in practice since
either can be simulated in optimal O(lgn) time with the same number of processors. Ranade’s
algorithm, however, is probabilistic and the need for combination of messages complicates the
switches. The best deterministic simulations to date require time O(lg® n/lglgn) time. such as
Hornick and Preparata’s simulation on a two-dimensional mesh of trees [62] which achieves O(1)
redundancy of variables at a cost of extra hardware. Specifically, for ~ PRAM with n processors,
the mesh of trees used for the simulation has O(n?*%) processors for a constant & > 0. If the
memory of the PRAM is sufficiently large, however, the VLSI area of their implementation
is comparable with the area required by the PRAM. See {62] and [76] for surveys of previous
packet routing results.

In this thesis, the algorithms for graph contraction are all designed for the EREW PRAM.
We have seen that it is theoretically the most restrictive of the main PRAM models. In
practice it is also the most easily implemented in hardware, although the practical effect of
added combining hardware on the performance of routers is still not completely understood.

1.1.3 The Data Parallel Model

One of the most innovative architectures of parallel computer systems is the Connection Machine
of Hillis (57] described in more detail in section 1 3. While the majority of parallel systems aim
at improved computational performance with high-performance circuitry, coupled with vector
features and a small (4) to medium (64) number of processors, the Connection Machine provides
a design of up to 64K (=65,536) very simple pracessors coordinating on the solution of a singie
problem. The availability of this system in hardware (models CM-1 and CM-2) made necessary
a new way of looking into numerical and other algorithms. Instead of examining the algorithm
for possible parallel execution of control structures, CM programming introduces the notion of
data level parallelism where a processor is assigned to each piece of data and similar operations
are performed on all data in parallel.

In a data parallel architecture, each processor executes the same instruction broadcast from
a front end computer. All processors access the same local memory address on each instruction.
In such architectures, the effect of multiple instructions is achieved by allowing any processor
to temporarily ignore the instruction stream based upon local variables. The set of processors
which execute an instruction is called the active set. The data parallel architecture is sometimes
called the broadcast instruction architecture or the single instruction multiple data (SIMD)
model of parallel computation. The STARAN [6], MPP (99}, and Connection Machine [57] all
use this type of instruction stream. The data-parallel model was first introduced by Hillis and
Steele [58].

The vector-matrix primitives and the network optimization implementations were pro-
grammed on the Connection Machine and therefore can be analyzed in the data parallel model.
The graph contraction algorithm assigns a processor to each edge of a graph and therefore, also
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fits well into the data parallel model. An algorithm need not be designed with the Connec-
tion Machine, or a similar architecture, in mind to be data parallel. In fact, many algorithms
designed for the PRAM can be ported to the data parallel model with no asymptotic loss
cf speed, particularly if the data parallel model is expanded to allow indirect addressing of
memory. This is because, although the PRAM allows unbounded control parallelism, most
algorithms designed in practice have only a constant number of threads of control at any given
time. Such algorithms can be run with only a constant slowdown on a data parallel machine
by multiplexing over the control streams.

1.2 Interconnection Networks

A variety of interconnection networks (INs) have been proposed and/or built for parallel com-
puters. There is generally a tradeoff between a network’s wire area requirements and its ability
to route arbitrary message patterns. The simplest INs are buses, linear arrays, and meshes.
Buses can have congestion problems and meshes have a high diameter. Universal networks
which are capable of simulating PRAMs with polylogarithmic slowdown include the hypercube,
butterfly (also called the Omega or FFT), cube-connected-cycles, Benes, and shuffle-exchange.
The fat-tree [77] and the mesh of trees [75] have been proven to be area and volume universal
meaning that they can simulate any network of comparable area or volume with only polylog-
arithmic slowdown. See [118] for more details on universal routing networks. In this section we
discuss the two networks of relevance to the thesis: the hypercube and the Benes network.

Hypercube multiprocessors have N = 2" processors. Each processor has a unique address
which is Ilg ¥V = n bits long and each processor is directly connected to all processors whose
address differs from its own in exactly one bit position. Two connected processors whose
address differs in bit i are called ith-dimensional neighbors. Processors in a strong hypercube
multiprocessor can communicate with all lgn neighbors simultaneously. Processors in a weak
hypercube multiprocessor can communicate across only one dimension at a time, the same
dimension in all processors. This thesis includes implementations of the vector-matrix primitives
for a weak hypercube multiprocessor.

We now describe the Benes network used on the pseudorandom permuter chip. Figure 1-1
illustrates what I will call a primitive switch and later just a switch for short. It is a box with
two inputs and two outputs. The inputs are routed to distinct outputs as directed by a single
control bit. Informally, the inputs travel “straight” if the control bit is 0 and they “cross” if
the control bit is 1.

The Benes network is composed entirely of primitive switches, can realize any permutation
of its inputs without collisions, and the resulting permutation depends only upon the control
bits of the basic switches. The network was constructed by Abraham Waksman [125]. It is best
defined pictorially. Figure 1-2 is more or less a copy of the figure Waksman used to define the
network in his original paper [125]. Each of the small baxes with an “S” in it is a primitive
switch. The n inputs are paired and fed into the input of n/2 primitive switches. The n
outputs emerge in pairs from n/2 primitive switches. The boxes labeled P4 and Pp represent
permutation networks on n/2 inputs formed recursively. The recursion will stop at the case
n = 2 with the primitive switch. This recursive definition restricts Benes networks to those
cases where n is a power of 2, but it has the advantage of being regular and easy to understand.
For those who are familiar with the butterfly network, one can think of the Benes network as
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Figure 1-1: A primitive switch. The inputs are routed to outputs based upon the value of the
control bit.

two butterfly networks back to back with the second one reflected.

When this definition is expanded to obtain the actual network, each column has exactly
n/2 primitive switches. The first and last columns have n/2 switches by the pictorial definition
of the network. Each of the subnetworks P4 and Pg has half the number of inputs that the
whole network does. Therefore, following the definition, each has only half as many switches
in its first and last columns. There are, however, two such subnetworks so the total number of
switches in the second column and the next to last column remains n/2. The same reasoning
holds through the remainder of the recursion—4 subnetworks with n/4 inputs and so on down
to a single column of n/2 permuters of two inputs (switches). There are 2lgn — 1 columns
where Ig n stands for log, n. Each invocation of the definition adds two columns except for the
last which adds only one column.

1.3 The Connection Machine System

In this section we briefly introduce the characteristics of the CM that are of interest in the
context of the algorithms developed and/or implemented in the thesis. Further details on the
architecture of the CM can be found in Hillis {57] and system documentation.

The basic component of the CM is an integrated circuit with sixteen single-bit processing
elements (PE) and a router that handles general communication. A fully configured CM-2
includes 4,096 chips for a total of 65,536 PEs and 2048 floating point units (each floating point
unit is shared by 32 processors across 2 chips). The 4,096 chips are wired together as a 12-
dimensional hypercube. That is, assuming the chips are assigned addresses from 0 to 1,095, two
chips are connected by a wire if and only if the binary representation of their addresses differ in
exactly one bit. For our purposes, the Connection Machine is best viewed as an 11-dimensional
complete hypercube with a floating point unit at each node. In this view of the Connection
Machine, each unit has 64K 32-bit words of local memory. Figure 1-3 shows a block diagram
of the Connection Machine.

The Connection Machine is attached to a front end sequential processor which holds the
programs and executes any sequential code. Operations by the PEs are under the contrql of
a microcontroller that broadcasts instructions simultaneously to all the elements for execution.
A flag register at every PE allows for no-operations; i.e. an instruction received from the
microcontroller is executed if the flag is set 1 and ignored otherwise. The concept of virtual
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Figure 1-2: The Benes network with n inputs. The boxes with the “S™ are primitive switches.
The boxes labeled P4 and Pg are Benes networks of n/2 inputs constructed recursively.
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Using standard Gray coding, the processors of the CM can be configured as an n-dimensional
grid such that two processors that are neighbors in the grid are connected by a hypercube wire.
Thus communication within a grid — called NEWS communication for North, South, East,
and West — is particularly simple since the required data paths can be precomputed and
the general router bypassed. The CM software system provides general n-dimensional NEWS
communication, all transparent to the user, but our applications require only 2-dimensional
grids. The configuration of the NEWS grid (length of the axes) is determined by the user
at the time the CM is cold-booted and the software system then automatically provides the
mapping from grid coordinates to CM processors. General intercommunication and dynamic
reconfiguration is performed by the much more powerful router communication system. The
router uses the hypercube wires to deliver a message from each VP to any other VP. Because
the communication pattern is arbitrary and can contain collisions, the time needed to deliver a
given set of messages varies.

Two models of Connection Machines are currently available: the CM-1 and the CM-2. From
a high-level language programming point of view the two systems are identical and programs
written for the CM-1 can migrate without modifications to the CM~2. There are, however,
some hardware differences that significantly improve the performance of the CM. The CM-2 is
equipped with floating point accelerators, each processor has more memory (initially 8K bytes
and now larger), and extra hardware assists in the combination of messages and delivery of
messages to processor memory. In particular, the CM-2 has indirect addressing which allows
different processors to access different locations within their memory at the same time. Thus
the CM-2 deviates somewhat from the strict data parallel model.

The programming languages currently available for the CM are *LISP and C* — extensions
of LISP and C respectively — and Fortran8x. These languages allow control of the PEs and
the specification of parallel variables. Our applications are programmed in *Lisp, Paris (the
Connection Machine assembly language) and/or microcode. Parallel *Lisp primitives that are
relevant to our implementation are Scans, *PSet, and Global operations. Blelloch [16) provides
details on these, and other, primitives of the CM.

Scan is also known in the literature as parallel prefix. Given an associative, binary oper-
ator ®, the ®-scan primitive takes a sequence (0,Z1,...,Zn) and produces another sequence
(Yo, ¥1.---,yn) such that 3 = 2o ® 7; ® --- ® z;. On the Connection Machine, for example,
Plus-Scan takes as an argument a parallel variable (i.e. a vector with each element residing in
the memory of a different PE) and returns to PE i the value of the parallel variable summed
over j = 0,... 1. Copy-Scan takes as an argument a parallel variable and copies its first value
to the memory of all PEs. Options specified in the scan call allow the scan to apply only to
preceding processors (eg. sum from j = 0...i — 1) or to perform the scan in reverse. Another
variation of the scan primitives allows their operation within segments of a parallel variable
or PEs. These primitives are denoted, for example, as Segmented-Plus-Scan and Segmentfd-
Copy-Scan. They take as arguments a parallel variable and a set of segment bits which specify
how to partition the set of processors into contiguous segments. Segment bits hav.e alat the
starting location of a new segment and a 0 elsewhere. A Segmented-Scan operatxon're-starts
at the beginning of every segment. When processors are configured as a NEWS grid, scans
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within rows or columns are special cases of segmented scans called grid-scans. Because the
communication pattern needed to perform the calculations can be predetermined. scans use the
hypercube wires directly, bypassing the router, and generally require less time than a single
general route.

The *PSet primitive takes as arguments two parallel variables and a set of memory addresses
and copies the first argument to the second at the PEs given by the memory addresses. Because
the communication pattern is arbitrary, this primitive uses the router.

Global operations on parallel variables return a single value to the front end processor. For
example, we can calculate the sum or the maximum of an integer parallel variable or the A
(and) of a boolean parallel variable. The front end can also broadcast values to all processors
in parallel.

Because there is a wire to each processor from the front end used for broadcasting, the
Connection Machine has a wired OR facility. That is, the front end can detect if some processor
is pulling down the wire (though it cannot tell which one). This wired-OR facility leads to fast
global integer maximum calculations (called *max). The integers are processed bit serially
starting with the most significant bit. All processors containing a value with most significant
bit equal to 1 pull down the wire. If the wire is pulled, then all processors with a first bit of 0
drop out of the process. All remaining processors proceed to the next bit and so on. The front

end processor can thus read out the maximum bit-serially starting with the most significant
bit.




Chapter 2

Parallel Graph Contraction

2.1 Introduction

The parallel tree contraction technique of Miller and Reif [88] has proved to be a valuable tool
in many parallel graph algorithms. This chapter provides a similar contraction technique that
applies not only to trees, but also to general graphs. It also provides a second, potentially faster
contraction technique for bounded-degree graphs (and general graphs when an embedding is
known). Portions of this chapter represent joint work with Charles Leiserson.

A contraction step of an undirected graph G = (V, E') with respect to an edge (u,v) € £ is
the operation that replaces u and v by a new vertex w which is adjacent to all those vertices
to which u and v were adjacent. If vertices u and v have an adjacent vertex z in common. the
contraction step produces only one edge between w and z rather than two. Thus, the graph
that results from a contraction step is not a multigraph. A parallel paired contraction step
is a vertex-independent sequence of contraction steps. A parallel multi-contraction step is a
sequence of contraction steps with respect to an acyclic set of edges. We refer to the sequence
as simply a parallel contraction step whenever the type of contraction is clear from context. A
parallel paired contraction step of any bounded-degree graph can be implemented in constant
parallel time. A (parallel) contraction of a graph is the process by which a connected graph is
reduced to a single node by iterated (parallel) contraction steps.

The first contraction-like algorithm was introduced by Reif when he used a “random mate”
technique in his O(lg n)-time linear-processor connected components algorithm for the CRCW
PRAM model [103]). Miller and Reif [88] show how any tree can be contracted in O(lgn) time
using O(n) processors in the CRCW PRAM model using randomization. (They also show how
to reduce the number of processors to O(n/lgn)) They give an O(lg n)-time algorithm for tree
contraction that is deterministic, but the deterministic algorithm does not perform contraction
in the strict sense described above. Tree contraction can be made to run in randomized O(lgn)
time and in deterministic O(Ignig” n) time using O(n) processors in the EREW and DRAM
models, as was shown in [78).

In this chapter, we use the technique of parallel contraction in a more general setting.
We show that a remarkably simple contraction algorithm that uses (n + €)/lgn processors
reduces a connected n-node e-edge graph to a single node in O(lg? n) steps and a second simple
algorithm which uses the first as a subroutine reduces a connected bounded-degr_ee graph to
a single node using n/lgn processors in O(lgn + 1g? v) steps, where 7 is the maximum genus
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of any connected component of graph G. We do not need to know v to achieve a running
time that is a function of 4. Neither algorithm requires an emnbedding of the graph. If we do
have an embedding, however, the bounds of the second algorithm are applicable to any graph.
The second algorithm immediately yields an asymptotically efficient solution to the problem of
region labeling in vision systems, as well as to solutions of other planar graph problems.

The genus of a graph is the sum of the geni of the connected components. That is, if the ith
connected component has genus v;, then the genus of the graph is v = Y, .. The running time
of our second algorithm, however, depends only upon the component genus which is defined
to be the maximum genus of any connected component, (i. e. ¥ = max;y;). For example, a
graph with ©(n) toriodal components has a genus that is @(n) but a component genus v = 1.
Henceforth, when we refer to the genus of a graph G, we will use the notation 7 when we mean
the true genus and we will use the notation y when we mean the component genus of graph G.

The remainder of the chapter is organized as follows. Section 2.2 describes the data structure
used to represent general graphs, motivates the decision, and illustrates how to perform a
contraction step on the data structure. Section 2.3 presents the contraction algorithm for
general graphs, argues its correctness, and analyses its running time. Section 2.4 presents the
contraction algorithm for bounded-degree graphs and Section 2.5 analyzes its running time
using a “missing edge” lemma which is proved in section 2.6. Section 2.7 shows how graph
contraction can be applied to various graph problems, including the region-labeling problem.
Section 2.8 offers some concluding remarks.

2.2 The Graph Data Structure

In this section we describe the data structure used in the general contraction algorithm. show
how to perform a contraction step, and illustrate why we chose this structure.

Figure 2-1 illustrates the data structure we use in our algorithms. We represent each vertex
of degree d by a doubly-linked ring of d real processors alternating with d dummy processors. The
edges between real processors and dummy processors, represented by heavy lines in figure 2-1.
are called vertez edges and edges between vertex rings are called graph edges. Each processor in
a vertex ring knows the ID of the vertex, defined to be the maximum identifier of any processor
in the vertex ring.

Figure 2-2 illustrates how to contract an edge (u,v) by using the du- my processors to
merge the two vertex rings and splice out the real processors correspondir , to the contracting
edge. The dummy edges allow us to simultaneously contract any acyclic set of edges, including
trees of arbitrary depth, in constant time. We then pay an extra O(lgn) time to remove the
extra dummy vertices.

The dummy processors are needed for efficient implementation of a parallel multi-contraction
step. Suppose that we did not use dummy processors, but instead formed vertex rings. of real
processors only as shown in figure 2-3 for the graph of figure 2-1. If we wish to contract simulta-
neously two edges associated with neighbors in a vertex ring, we find we can no longer perform
simple, local updates. For example, in figure 2-3 if we wish to contract the double hatched
edges (b,d) and (b, e) simultaneously, and we use the simple contraction strat_egx of figure 2-2,
we find that when processor by splices itself out, it uses processor b3 which is simultaneously
trying to splice itself out of the ring by using processor b;. The resulting data.stl.'ucture has a
disconnected ring that includes processors b, and b3 which should have been eliminated.
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Figure 2-1: We represent graphs using a ring of processors for each vertex. Two (round) real
processors are separated by a (square) dummy processor in the list. Vertex edges, drawn as
heavy lines, go between processors in the same vertex ring, while graph edges (thin lines) go
between processors in different vertex rings.
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Figure 2-2: To contract a graph edge (u,v), we use the neighboring dummy processors on each
side to merge the vertex rings and splice out the real processors. We later clean up the extra
dummy processors. Dummy processors allow contraction of trees of arbitrary depth.

To perform this update correctly for trees of arbitrary depth would require searches of arbi-
trary length across an arbitrary number of vertex rings. Alternatively, we could incorporate a
strategy which would not allow edges which are neighbors in a vertex ring to contract simulta-
neously. This complicates the algorithm by requiring some form of symmetry-breaking within
each vertex ring to decide which processors can participate in a contraction and edges could
contract only if both processors associated with that graph edge were allowed to contract. We
would then in general require more iterations to complete a graph contraction because fewer
edges are allowed to contract during each iteration. By using dummy processors, any set of
acyclic edges can contract simultaneously by local splicing. Then extra dummy processors are
removed by pointer jumping strictly within vertex rings.

2.3 General Algorithm

This section presents an O(n + e)-processor contraction algorithm for general graphs, argues
its correctness and analyzes its running time. We give a strategy for determining a set of
acyclic edges to contract in a parallel multi-contraction step. We then discuss implementation
issues such as avoiding sorting, maintaining linear space, and reducing the processor count to
O((n +e)/1gn).

The algorithm for contracting graphs is simple. It uses a subroutine MEeRGE(u,v) which
performs the edge contraction described above for edge (u,v).

Algorithm CONTRACT
1 While 3 a vertex with degree > 0 do
2  Each vertex u with degree > 0, do in parallel
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Figure 2-3: If we did not use dummy processors, the simple splicing strategy would fail if
neighbors in the vertex ring tried to contract simultaneously.
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Let v be the neighbor of highest ID
MERGE(u,v)

Remove extra dummy processors

Remove multiple edges to adjacent vertices
Propagate new [D.
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We now argue the correctness of Algorithm CoNTRACT. The only subtle point is that
simultaneous contraction of a set of edges that form a tree results in a single vertex ring. If we
were to contract edges that form a cycle, then we may end up with multiple rings, thus severing
a connected component. Because each vertex chooses to merge with its neighbor of maximum
ID, the edges chosen to contract in an iteration cannot form a cycle.

We now analyze the running time of aigorithm CoNTRACT. Each iteration of the loop
requires O(lg n) time. The loop termination check in line i can be done in O(lgn) time. Each
processor can determine in constant time whether the vertex ring to which it belongs has degree
> 0. We can remove multiple edges in O(lgn) time by first sorting the processors in a vertex
ring with respect to the ID of the neighbor across the graph edge and then pointer jumping.
Similarly, propagating the highest ID of any neighbor to all processors in a ring, removing extra
dummy processors, and propagating the new vertex ID can all be done in O(lgn) time using
pointer jumping. If we are careful, all pointer jumping can be done without using concurrent
reads. The MERGE operation requires only constant time. Thus each iteration requires O(lgn)
time. The algorithm terminates in O(lgn) iterations because each vertex merges on every
iteration, at least halving the number of vertices.

We can avoid sorting if we allow multiple edges to remain after contraction and instead
use pointer jumping to remove the seif edges that appear in later iterations. If we choose this
option, then in line 3 we must also break ties among all edges to vertex v. Using the idea of
“spares” from [78], the algorithm can be made to use only linear space.

To reduce the processor count to (n + e)/lgn, each processor simulates & processors per
iteration (initially k = Ign). After each iteration of the contraction algorithm, we balance the
work among the processors by enumerating the remaining nodes in O(lgn) time via parallel
prefix and compacting memory in O(k) time. Thus each iteration requires O(klgn) time. The
parameter k is initially Jgn and decreases exponentially with each iteration, so overall the
contraction algorithm runs in O(lg? n) time using (n + ¢)/1g n processors. The balancing steps
can be done without concurrent memory access, so these bounds hold for the EREW PRAM.

2.4 Bounded-Degree Algorithm

In this section we present a linear-processor contraction algorithm for bounded-degree graphs.
We give a randomized strategy for determining a set of vertex-disjoint edges to contract on
a given parallel contraction step. We discuss simplifications for the case where the gra‘pl? is
known to be planar or of low genus. We discuss implementation issues including majntmn{ng
linear space, using this algorithm for arbitrary graphs provided an embedding is known, making
the algorithm deterministic, and reducing the processor count. Finally we mention some of the
parallel models for which the analysis of section 2.5 holds.
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The contraction algorithm for bounded-degree graphs is as follows. We assume that no
vertex has degree greater than 40. The number j in line 1 is a constant chosen such that
algorithm BoUNDED-CONTRACT terminates in O(lgn + lg? ) time with high probability. The
constant will be discussed during the analysis of the algorithm in section 2.5.

Algorithm BOUNDED-CONTRACT
1 Repeat jlgn times
2 for each vertex u do in parallel
3 Randomly choose an adjacent vertex v such that MERGE(u,v)
would produce a vertex of degree at most 40
for all vertices u and v that choose each other, do MERGE(u,v)
5 for each vertex u do
remove multiple edges to adjacent vertices
6 CONTRACT() :go to general contraction algorithm

S

The algorithm can be broken down into two phases: phase 1 in lines 1-5 in which vertices
resulting from contraction cannot have degree greater than 40 and phase 2 in line 6 in which
vertices resulting from contraction can have arbitrary degree. In section 2.5 we argue that
phase 1 runs in O(lgn) time and with high probability reduces an n-vertex genus-y graph to a
graph whose largest connected component has O(7y) vertices. By the argument in section 2.3.
phase 2 reduces each O(7)-sized connected component of a graph to a single vertex in 0(1g? v)
time. Planar graphs and graphs of constant genus will be reduced to constant-sized graphs
during phase 1 of algorithm BounDED-CONTRACT with high probability. If we know that a
graph is of constant genus, we can simplify the algorithm to repeated application of lines 2-
5 only, until the graph is contracted. The parameter 40 in line 3 must be replaced by c(7).
a constant depending upon the genus . In particular, ¢(7) = 40 suffices for planar graphs.
We then check for termination (all vertices degree 0) every lg n parallel contraction steps. This
simplified algorithm will contract an n-vertex bounded-genus graph to a single vertex in O(lgn)
time with high probability. Furthermore, because the degree of each vertex remains bounded
throughout the algorithm in this case, we can simply assign one processor to each vertex.

The algorithm can be made to work in O(lgn + lg? v) time for any graph whose maximum
degree is a constant greater than 40 by replacing the number 40 in line 3 with the maximum
degree. Moreover, the algorithm can be made to work in O(lgn + 1g? v) time for any graph.
provided an embedding for the graph is known, sinze we can transform any general graph of
genus 7 into a degree-3 genus-y graph by replacing each vertex by a ring of degree-3 vertices in
the appropriate cyclic order. Again, using the idea of “spares” from (78], the algorithm can be
made to use only linear space.

The contraction algorithm can be modified to run in deterministic O(lgnlg™ n +1g%y) time
by using the O(lg" n)-time algorithm of Goldberg, Plotkin, and Shannon for 3-coloring rooted
trees [48] to guarantee that a constant fraction of vertices merge on each iteration. Randomness
is used only in the choice of vertex pairings in phase 1. In the deterministic version of the
algorithm, each vertex u chooses the vertex v with smallest identifier such that MERGE(u.v)
would produce a vertex of degree at most denax, the maximum degree of any vertex. As before,
edges chosen by both vertices adjacent to it are automatically selected to contract. C_onsider the
graph induced by the edges chosen by exactly one adjacent vertex. If the edges are directed such
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that the vertex choosing the edge is at the tail, then this graph is a bounded-degree directed
forest with edges directed from child to parent. We can then use the Goldberg-Plotkin-Shannon
O(lg® n)-time algorithm for coloring bounded-degree trees to color the forest using a constant
number of colors [48]. Then, we sequence through the colors allowing edges chosen by vertices
of the current color to contract, provided the vertex on the other end of the edge has not already
participated in a contraction during this parallel contraction step. In this scheme, we always
have a constant fraction of the vertices merging.

We can reduce the processor requirement of phase 1 to n/lgn by using the techniques of
Gazit and Reif [46] who in turn use the load balancing techniques of Cole and Vishkin [26].
Shannon [110] gives a scheduling algorithm that converts the deterministic O(lg nlg" n)-time n-
processor algorithm for graphs of bounded genus to an optimal O(lgnlg” n)-time n/(lgnlg" n)-
processor algorithm.

Algorithm BouNDED-CONTRACT is robust in that it can be implemented in several of the
most restrictive parallel models. By careful attention to the data structures used to implement
adjacency lists, it is possible to guarantee that no concurrent reading or writing occurs, and
thus, the performance bounds apply in the EREW PRAM model. Since each processor is
responsible for a single edge (or vertex) of the graph, it is naturally a “data-parallel” algorithm
in the sense of [58]. Finally, the simplified version of the algorithm which uses only phase 1is
“conservative” in the sense of [78], and thus runs in O(Ign + 1g? 7) steps in the DRAM model.

2.5 Analysis of the Contraction Algorithm

In this section we analyze the contraction algorithm of section 2.4. We require two lemmas.
Lemma 1 (the Missing-Edge Lemma) provides an upper bound on the number of edges in a
graph based on Euler’s formula and the number of degree-three vertices that are ineligible for
contraction. The missing-edge lemma is actually proved in section 2.6. We use a pigeonholing
argument to show in Lemma 2 that at each parallel contraction step of phase 1, a constant
fraction of the vertices are adjacent to at least one edge that can be contracted —This lemma
is essentially the same as one proved independently by Boyar and Karloff {20] in the context of
coloring planar graphs, but our lemma is more gencral and our proof differs somewhat. The
final result of the section proves that with high probability, the running time of Algorithm
BounDED-CONTRACT is O(lgn + 1g? 7) for bounded-degree graphs.

We analyze Algorithm BouNDED-CONTRACT using a constant dmax > 40 in place of 40 in
line 3 of the contraction algorithm. Using a symbolic value allows us to see in the analysis why
we choose degree 40 as the maximum degree in the algorithm and to see how the contraction
algorithm generalizes to bounded-degree graphs in general. In fact, a choice of dmax =3 suffices
for Algorithm BouNDED-CONTRACT to contract binary trees in randomized O(lgn) time.

We first present some definitions. Let G = (V,E) bea graph with degree at most dmax 2 40.
We call an edge (u,v) € E eligible if MERGE(u, V) would produce a vertex w of degree a.»t
most dmax, s in line 3 of Algorithm BounpED-CoNTRACT. Typically, the degree of wis
deg(w) = deg(u) + deg(v) ~ 2, but it is less whenever the adjacency lists of u and v have
vertices in common because a contraction step removes multiple edges. (In fact, after the
parallel contraction step implemented by Algorithm BouNDED-CONTRACT, the degree of vertex
w may be even smaller, since lines 5 and 6 remove additional multiple edges ca_usc.ed by other
simultaneous contraction steps.) We define a vertex u € V to be good if it is incident on at
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Figure 2-4: Degree-three vertex b is bad only if it is adjacent to three independent degree-dmay
vertices, shown in black. The.dashed edges must be missing from the graph if vertex b is to
be bad even though their inclusion does not increase the genus of the graph. Thus, graphs
containing bad degree-three nodes are sparser than required by Euler’s formula alone.

least one eligible edge, and bad otherwise. A vertex of degree 1 or 2 is automatically good.
A vertex of degree 3 is good unless it is incident on three degree-dpyax vertices vy, vz, and v3
that are independent (no edge between any pair) as shown in figure 2-4. Consequently, a bad
degree-3 vertex b causes the edges (v1,v;), (v2,v3), and (v, v3) to be missing from the graph,
even though their inclusion would not increase the genus of the graph.

The next lemma uses the notion of missing edges to show that a graph with bad degree-3
vertices is sparser than required by Euler’s formula alone. It is proved in section 2.6.

Lemma 1 (Missing-Edge Lemma) A graph G = (V, E) of genus 5 with by > 0 bad degree-3
vertices has at most 3|V| - b3 + 1075 edges.

The next lemma uses the Missing-Edge Lemma and pigeonholing to show that during each
parallel paired contraction step in phase 1 of algorithm BOUNDED-CONTRACT. a constant
fraction of the vertices are eligible to contract.

Lemma 2 Any genus-yg graph G = (V, E) with degree at most dmax > 40 and |V| > 407 has
at least T% |V| good vertices.

Proof. We begin the proof by defining the following sets:

Vgood is the set of good vertices,

Voads 15 the set of bad degree-3 vertices,

Viadase is the set of bad vertices of degrees 4, 5, or 6,

Vhigh i8 the set of vertices of degrees dmay — ¢, for i =0,1,2 or 3,
Veew =V - (V;ood U Vbad3 U Voadase U Vhigh)-

having cardinalities g, b3, base, h, and brest respectively.

We determine a lower bound on the number g of good vertices using three constraints. The
first constraint is a lower bound on the number e of edges in E, which is also half the sum of
the degrees of all vertices in V. For each of the sets defined above, we underestimate the sum
of the degrees of the vertices in the set to yield

e 2 20435+ 4bise + (dmax ~ I+ Thren)

= (04 305 + dbuss + (dmac = DR+ 7(n = 9 = 0 = buso = h).
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We can use a similar technique to determine a lower bound on the number of high-degree
vertices. The number of edges leaving the set Vigh is at most dmexh, which must be at least
the number leaving the sets Viaq3 and V4,44s6 since each of the vertices in these sets is adjacent
only to vertices in Vyign. Hence, we obtain

dmu
Finally, from the Missing-Edge Lemma we have
e<3n—by+ 10vs. (2.2)

We use these three constraints to obtain the desired lower bound on the number g of good
vertices. Combining Inequalities {2.1) and (2.2) and solving for g, we obtain

1
g > 5((dmax = 10)h ~ 2b3 - 3bes + 1 — 207G ).

Substituting for A in this inequality using Inequality (2.1) yields

g > 3[(Z=0) (300 + dbis) - 200~ Souss + - 27|
RUEEE TR .

. 1
2 E(n - 207G)v

if dmax > 40 as assumed. Since we also assume that n > 40+, we have that

1

g > g(n—‘20'7a)

1 n
> =({n-=
= 6(" 2)
_ 1,
T2
which completes the proof. |

The proof that Algorithm BoUNDED-CONTRACT runs in O(lg n +1g* v) time uses two tech-
nical lemmas from (78]. The first lemma provides a lower bound on the probability that a
random variable with finite upper bound will exceed a given value.

Lemnma 3 Let X < b be a discrete random variable with ezpected value . For w < b, we have

u-w

X2 2 .
Pr(X 2 w)2 r—
The second lemma provides a “Chernoff”-type bound [24] on the tail of a binomial distribution.
Consider a set of t independent Bernoulli trials, each with a probability p of success. The next
lemma bounds the probability B(s,t,p) that fewer than s successes occur in t trials when t > 2s
and p < 1/2.




2.5. ANALYSIS OF THE CONTRACTION ALGORITHM 31

Lemma 4 Fort > 23 and p < 1/2, we have

s (128 (001 (%)

We now analyze the behavior of phase 1. Phase 1 runs in O(Ign) time. Given a graph G
with maximum vertex degree at most 40, Algorithm BouNDED-CONTRACT does not allow the
degree of any vertex to exceed 40 during phase 1 (the parallel contraction steps in lines 2-5
of Algorithm BouNDED-CONTRACT). Therefore, each such step can be performed in constant
time, since contraction and removal of multiple edges involves only communicating around
constant-length vertex rings. Since we execute jlgn parallel contraction steps for a constant j,
phase 1 is over in O(lgn) time.

We now use Lemmas 2, 3, and 4 to show that for suitable choice of constant j, with high
probability phase 1 reduces an n-vertex genus-y graph to a graph with O(7) vertices in its
largest connected component. We need only show that with high probability, O(lgn) parallel
contraction steps suffice to contract each connected component to size O(7y). From lemma 2, we
have that at least 1/12 of the vertices are good provided that there are at least {07 vertices.
The lemma applies independently to each connected component. For component 1. contraction
steps have a o( 1) probability of success only after the component size has been red uced to O(7;)
where 7; is the genus of component i.

Theorem 5 After O(klgn) parallel paired contraction steps,any connected, degree-10, graph
of genus v has contracted to a graph with O(7) vertices with probability 1 — O(1/n*) for any
constant k.

Proof. During each parallel contraction step, each vertex chooses an edge randomly out of all
adjacent edges eligible for contraction. Since in phase 1 no vertex degree exceeds 40 throughout
the contraction, on each iteration every good vertex u has at least a 1/40 probability of merging,
since 1/40 is a lower bound on the probability that the edge (u,v) that vertex u chooses is also
chosen by the vertex v at the other end. Lemma 2 shows that a bounded-degree genus-v graph
of size 40y will have at least 1/12 of its vertices be good during each iteration of phase 1.
Therefore, we expect that at least n/480 of the vertices of an n-vertex bounded-degree graph
will contract on each iteration of phase 1 provided that n is sufficiently large compared to the
genus of the graph.

We will call an iteration successful if at least n/960 vertices pair on that iteration. Let P
be the number of vertices pairing. Then by Lemma 3 we have the following lower bound on the
probability that an iteration is successful:

n n
W% L

> > =l = ——,

Pr(P > n/480) 2 s 359
During a successful iteration, the number of vertices in the graph is reduced by a factor
of at least 1/3 = 959/960. Therefore we require at most logs n successful iterations to reduce
the graph to size O(7). By Lemma 4, the probability that fewer than s = logsn successful

iterations occur in aks iterations each with a probability p = 1/959 of success is

kl 1 959 < 958 (gg)ak eak ogs
B(logp n,a Ogﬂ n, / ) = 957 959 '
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We can choose the constant a sufficiently large so that B(logg n,aklogs n, 1/959) is O(1/n*).

We have shown that with high probability, we require only O(lgn) parallel contraction
steps to reduce connected component : to size O(v,) and hence reduce the maximum connected
component to size O(v). Therefore phase 1 runs in O(lgn) time and with high probability
reduces the largest component of the graph to size O(7).

Let us now consider the graph at the start of phase 2. Assuming that we are not already
done, we have with high probability at most O(v) nodes in each component. Connected sub-
graphs contract independently so the asymptotic contraction time during phase 2 is dominated
by the time to contract the largest component. If the maximum component has size s, then by
the analysis in section 2.3, phase 2 terminates in O(lg® s) time. Since we have s = O(v) with
high probability, then phase 2 terminates in O(lg? 7) time with high probability.

Since the time to perform the contraction is simply the sum of the times to perform
phase 1 and phase 2, we have that an n-vertex genus 7 graph is contracted by algorithm
BouNDED-CONTRACT in O(lgn + lg® 7) time with high probability. The probability of algo-
rithm BouNDED-CONTRACT failing is the probability of failing in phase 1, since phase 2 is
deterministic.

The deterministic version guarantees that phase 1 reduces the n-vertex graph to an O(y)-
vertex graph, where 7 is the largest genus of any connected component. Lemma 2 guarantees
that in each parallel contraction step, each n;-vertex genus-v; component for which n, = Q()
has at least n;/12 good vertices. Of these good vertices, at least 2/41 are matched by the
symmetry-breaking techniques presented in section 2.4. The worst case is achieved by many
vertices with 40 degree-one neighbors. Therefore, each such component is reduced by at least
a factor of 491/492 after each parallel contraction step. By running phase 1 of algorithm
BoUNDED-CONTRACT for lggy/40; 1 iterations, we are guaranteed that each component is of
size O(~;) when we proceed to phase 2. In phase 1, the time required to perform each parallel
contraction step is dominated by the O(Ig” n) time required to color rooted trees [48]. There-
fore phase 1 always terminates in O(Ignlg® n) time. Because the graph passed to phase 2 is
always of size O(7), phase 2 always terminates in time O(g? v), and therefore the deterministic
contraction algorithm runs in time O(lgnlg™ n + g% v).

There is a constant-factor tradeoff between time spent in phase 1 and time spent in phase
2. The constant factor 1/12 of good nodes guaranteed by lemma 2 can be replaced by 1/c
for any constant ¢ > 6. The more general version of lemma 2 states that any bounded-degree
genus-vy graph with at least 20cy/(c — 6) nodes has at least 1/c good nodes. If we choose to base
our algorithm upon a fraction of 1/c¢ > 1/12 good nodes, the constant j in line 1 of algorithm
BouUNDED-CONTRACT decreases. The expected size of the graph passed on to phase 2 increases,
however, and therefore we can expect phase 2 to require more contraction steps.

We should comment that although the constants are large in the asymptotic bounds in
Theorem 5, the analysis is highly pessimistic. Typically, a vertex has a much greater chance
than 1 in 12 of being good, and if it is good, it typically has more than a 1 in ?0- chance of
merging with a neighbor, because the neighbor is unlikely to be incident on :10 eligible edges.
Consequently, in practice we could reduce the constant j in line 1 of a]gont_hm BOUNDED-
CONTRACT without significantly harming the behavior of the contraction algorithm.
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2.6 Missing-Edge Lemma

In this section we present the proof of the missing-edge lemma used in the analysis of algorithm
BounDED — CoNTRACT. We begin by defining cycle splitting of a connected genus-v graph, a
technique that will be used in the inductive proof of the missing-edge lemma. We then prove
that performing cycle splitting on a genus-vy graph results in a new connected graph of genus
strictly less than v or results in two disjoint graphs whose geni sum to the original genus 7.
Finally, the proof of the missing-edge lemma is a double induction on genus and number of
bad degree-three vertices. Throughout this section, we assume all graphs are connected. A
disconnected graph G whose genus ¥ is the sum of the geni of its connected components can
only be sparser than a connected graph of genus 7 and hence the disconnected graph cannot
have a weaker missing-edge lemma.

Suppose we have a connected graph of genus y embedded on a surface of genus v (e.g. a
sphere with 4 handles). Consider any simple cycle (vo,v1,...v—1) of the graph. As we travel
along the cycle from vertex vy back to vertex g, we have a well-defined notion of right and left,
since the surface upon which the graph is embedded is orientable [38]. Thus the vertices adjacent
to each vertex v; on the cycle can be partitioned into two sets: those that connect to the vertex
from the right (Vi r) and those that connect to the vertex from the left (¥, ). We perform a
cycle splitting operation as follows. We remove the cycle from the graph, split each vertex v; on
the cycle into two vertices v; g and vz and form them into two cycles (voR.V1.R.---. Vi-1.R)
and (vo.L,n,L,..-.U-1,L). Finally, vertex v, p is connected to each vertex in V, g, and vertex
v; 1 is connected to each vertex in V. Intuitively, if we view the embedded cycle as having
finite thickness, we simply cut it in half. In figure 2-5, cycle vp,... v is split. The left version
is connected to edges entering the cycle from the left and vice versa.

The following lemma will be used to allow application of the induction hypothesis in the
proof of the missing-edge lemma.

Lemma 8 If we split a cycle C = (v, v1,...,u-1) of a graph G of genus v to obtain a new
graph G' of genus %', we have either

1. graph G' contains two disjoint components: graph G|, of genus v, and graph Gr of genus
Yr Such that v, + Ya =7, or

2. graph G' is connected and ' =y - 1.

Proof. Suppose we have an embedding of graph G on an orientable manifold of genus v such
as a sphere with v handles. By definition of the genus of a graph and of a surface, all the
faces of graph G are simply connected [38]. That is, they can be continuously contracted to a
point on the surface. Let v, e, and f be the number of vertices, edges, and faces respectively
of graph G. Then the Euler Characteristic of the surface is defined as y = v—e 4+ f. If we
embed any graph on the surface such that all faces are simply connected, the quantity v—e+ f
for that graph will always be equal to the Euler characteristic of the surface. Furthermore..b_v
definition, we have that x = 2 - 2y where 7 is the genus of the surface (and of any graph which
can be embedded on that surface such that each face is simply connected).

Consider now the surface with the embedding of graph G. We cut the surface along cycle
C and patch the two resulting boundaries with disks as illustrated in figure 2-6. The resulting
surface is an orientable manifold that may or may not be connected.
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Figure 2-5: Given an embedding of a graph, a cycle can be split into two pieces: the right piece
which is connected to nodes on the right as we traverse the cycle, and the left piece which is

connected to nodes on the left.
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Figure 2-6: Given an embedding of a graph G on a surface of corresponding genus, we can
remove a simple cycle of graph G from the surface and patch the resulting holes with disks.
The result is an embedding of the graph G’ obtained by splitting the given cycle of G. The
new surface may or may not be connected.
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Let us calculate the Euler characteristic of the new surface. The new graph G’ is embedded
on the new surface such that all faces are simply connected since the disks used to patch the cut
are simply connected and no other faces of the original graph G are altered by the procedure.
Therefore, if v/, €', and f' are the number of vertices, edges, and faces in the cycle-split graph
G’, ther the Euler characteristic of the new surface is equal to x' = v/ — ¢’ + [’ =2-2%" where
7' is the genus of graph G’ and the surface upon which it is embedded. We have that ¢’ = v + |
and ¢’ = e+ {and f' = f + 2. Therefore, we have that ' = y + 2.

First we will consider the case where the new surface is disconnected. In this case the
Euler characteristic is simply the sum of the Euler characteristics of the two pieces (the formula
v—e+ fis additive). Let one piece have characteristic x, = 2 — 2y, and the other piece have
characteristic Yy = 2 — 2v5. Then we have that

/

X = XrtXe
2-29.+2-27
= 4-2(7 + 7).

We also have that x' = Y + 2 = 4 — 2y. Therefore, we have that

4-2y = 4-2.+ 1)
v T+ R

which proves case (1).

Next we consider the case where the new surface is connected. Then we have that ' = 2—-27/
and x’ = x +2 = 4 -24. Therefore, equating the right-hand sides, we have that 2—29' = 424
or ¥/ = v — 1 which proves case ( 2). L

Now we proceed to the proof of the missing-edge lemma. First, let us remind the reader
of some terminology. Bad vertices are defined as they were in section 2.5: no adjacent edge
can be contracted without potentially creating a vertex with degree exceeding the bound. Bad
degree-three vertices must be adjacent to three degree-dn,, independent vertices (no edges
between any pair). Thus degree-three vertices force a stronger sparsity than Euler’s formula
alone since these three missing edges can be added to the graph without increasing its genus.
The missing-edge lemma quantifies this increased sparsity.

For convenience we restate the lemma as it appeared in section 2.5, assuming this time that
the graph is connected. The proof goes through for disconnected graphs where genus is defined
in the usual way.

Lemma 1 (Missing-Edge Lemma) A graph G = (V, E) of genus vy with by > 0 bad degree-3

vertices has at most 3|V| — by + 104 edges.
Proof. The proof centers on showing that the number of missing edges is at least b3 — 47 + 1
for b3 > 0, which, together with the constraint that |E| < 3|V| + 6y from Euler’s formula.
suffices to prove the lemma. The goal of the proof is to show that sharing of missing edges is
limited. For the remainder of this proof, when we say “bad vertex,” we assume the vertex has
degree 3.

We begin our induction by showing that the lemma holds for the case v = 0 for any number
by of bad vertices. That is, we show that a planar graph G = (V, E) with b3 > 0 bad degree-3
vertices has at most 3|V| — by edges.
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Figure 2-7: A cycle C = (w1, v1,u;,v;) that separates G into two subgraphs Gi, and Ggy,, each
with at most b3 ~ 1 bad degree-3 vertices. Nodes u; and uy are of maximum degree.

The proof of the planar case is by induction on b3. If b3 = 0, Euler's formula alone is
sufficient. The lemma holds trivially for the cases b3 = 1 and b3 = 2 since any graph with at
least one bad degree-3 vertex has at least three distinct missing edges. Now consider the case
bz = 3. If there are only three missing edges in the graph, then each of the three bad vertices
is associated with the same three missing edges. Hence all three bad vertices are adjacent to
the same three degree-dimax vertices, and hence the graph contains an instance of K33, which
violates the assumption that the graph is planar. Consequently, the graph has at least 4 = b3 +1
missing edges.

We now consider the general planar case b3 > 4. Assume inductively that any graph with
k < b3 bad vertices has at least k + 1 missing edges, but that there exists a planar graph
G = (V, E) with b bad vertices and m < b; missing edges. Since each bad vertex is associated
with exactly three missing edges, it follows that there exists a missing edge (u1,u2) associated
with at least three bad vertices v, v, and v3. There must be at least one additional bad vertex
v4, since we have b3 > 4. For some embedding of G on the sphere, the Jordan Curve Theorem
ensures that two of the vertices, say v; and v, together with u; and u; form a cycle C that
separates v3 from v4, as shown in Figure 2-7.

We are now set up to apply the induction hypothesis. Let Gj, be the subgraph of G induced
by cycle C and the vertices on one side of C, and let G,y be the subgraph induced by cycle
C and the vertices on the other side of C. Add to u; and uy in each of Gj, and G,, enough
degree-1 neighbors to maintain their degrees as dpax. Let b, be the number of bad (degree-3)
vertices in Gin, and let by, be the number of bad vertices in Goy,. Since no new bad degree-3
vertices are introduced into Gin and Goy,, we have b, < b3 and b,y < b3. By the induction
hypothesis, therefore, graph Gi, has at least b;, + 1 missing edges, and graph G,y has at least
boue + 1 missing edges.

We next account for interactions between graphs Gin and Gy, to obtain the lower bound of
b3+ 1 on the number of missing edges in the original graph G. First, observe that b, +bout = b3,
since when vy is a bad vertex in one of the graphs, it is a degree-2 vertex in the other, and
similarly for v3. Moreover, each of v; and v, are bad in at least one of Giy and Gou because
we dummied up each of uy and u; to have degree dmax. The number of missing edges in G is
at least (bin + 1) + (boue + 1) minus the number of missing edges shared by Gi, and Goy. The
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number of such shared missing edges is in fact 1, namely, the edge (u;,u2). since u; and uz are
the only degree-dmax vertices in both Gin and Gou. Consequently, the number of missing edges
in G is at least (b + 1) + (boue + 1) — 1 = b3 + 1, which completes proof of the planar version
of the lemma.

We have shown that the missing edge lemma lemma holds for the case y = 0 for any number
b3 of bad vertices. To complete the base cases, we see that for general graphs the lemma holds
for b3 = 0 trivially using only Euler’s formula. It also holds trivially for 1 < b3 < 47 + 3 for all
v since then the lemma only requires that the number of missing edges is at least 3 which is
true for any graph with at least one bad vertex.

We now consider the general case b3 > 4y + 3 and v > 1. We assume inductively that any
genus-v graph with k& < b3 bad vertices has at least k — 4y + 1 missing edges and any graph
with genus j < 7 and any number b; bad degree-three nodes has at least b3 — 4j + 1 missing
edges. Assume, however that there exists a graph G = (V, E) of genus ¥y with b3 > 47 + 1 bad
vertices and m < b3 — 47 missing edges. Since each bad vertex is associated with exactly three
missing edges, it follows that there exists a missing edge (u;,uz) associated with at least three
bad vertices v;, v, and v3. There must be at least one additional bad vertex v4 since we have
bs > 7. The situation is illustrated in figure 2-7.

To allow application of the induction hypothesis, we split graph G along one of the three
simple cycles shown in figure 2-7 to obtain a new graph G’ of genus v’. As we did in proving
the planar version of this lemma, we add degree-one neighbors to the high-degree nodes u; and
u, so that each of the four nodes resulting from the split of u; and uz has maximum degree.
Each bad degree-three node on the cycle is split into two nodes, but exactly one of these two
nodes is a bad degree-three node in the new graph G’. The other node split from that vertex
is of degree 2. Therefore graph G', whether connected or not, has exactly b3 bad nodes.

Suppose we can split graph G along one of the cycles such that the resulting graph G’ is
still connected. Then by lemma 6(2) we have that ¥ = v — 1. As argued above. graph G’
has the same number b3 of bad degree-three vertices as the original graph did. Because graph
G’ has lower genus, we can apply the induction hypothesis. Therefore, graph G' has at least
by —4(7— 1)+ 1 = b3 — 4y + 5 missing edges. We overcounted exactly one missing edge. namely
(uy,uz), since these are the only two degree-dma, vertices duplicated. Therefore we have at
least b3 — 47 + 4 > by — 47 + 1 missing edges.

Now suppose that splitting along any of the three simple cycles separates G’ into two graphs:
graph G with genus v, and by bad degree-three vertices, and graph Gr with genus 7z and bg
bad degree-three vertices. Suppose that splitting along one of the cycles yields graphs such that
v, < v and 7 < 7. Applying the induction hypothesis to each side we have that the number of
missing edges in graph Gpr is at least bg~4vs+1 and the number of missing edges in graph G is
at least by, —4v, +1. Adding the missing edges together and subtracting one for the overcount of
edge (uy, uz), we have that the original graph G has at least (bp +br)—4(7. +7vr)+2-1 missing
edges. From lemma 6(/) we have that 7, + 7. = 7 and we argued earlier that b + b = b3.
Substituting these back into the expression for the number of missing edges in graph G. we
have that graph G has at least b3 — 47 + 1 missing edges.

The final case we must consider is that each of the three cycles cuts off a planar patch.
In this case we have a situation analogous to the planar case argued earlier. As illustrated in
figure 2-7, one of the cycles cuts the graph into two graphs G and Gr such that by < b3 and
bp < b Without loss of generality, let us assume that graph GRr is planar. Then by lemma 6( ).
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graph G| must have genus 7. Applying the induction hypothesis to the two graphs (since each
has less than b3 bad vertices), we have that Ggr has at least bg + 1 missing edges and G, has
at least b — 47 + 1 missing edges. Again we have that bg + by = b3. Adding the missing
edges and subtracting one for the overcount of edge (u;,uz), we have that graph G has at least
by +br — 47 +2 -1 = b3 — 47 + 1 missing edges which completes the proof. n

2.7 Applications

The most direct application of the parallel contraction algorithm is to the vision problem of
determining the connected regions of an image represented as a two-dimensional array of pixels.
We can view the image as a planar graph G = (V, E), where the vertex set V' is the set of pixels,
and (u,v) € E if u and v are adjacent pixels with the same color. The region labeling problem
is to assign each pixel an integer such that two pixels have the same label if and only if they
are path connected in G.

Region labeling can be solved by a connected-components algorithm. Shiloach and Vishkin
[111] give an O(lgn)-time, n-processor parallel algorithm for connected comporents using the
concurrent-read, concurrent-write (CRCW) PRAM model. Hagerup [54] gives ~n J(lgn)-
time, n/lgn-processor CRCW algorithm for graphs of bounded genus!. The best algorithm
to date in the more easily implemented exclusive-read, exclusive-write (EREW) model is due
to Hirschberg, Chandra, and Sarwate [60], who give an O(lg* n) time algorithm for connected
components using the adjacency-matrix representation of a graph. Leiserson and Maggs [78)
give an O(lg2 n) step, n-processor, randomized connected-components algorithm for a DRAM
(distributed random-access machine), an EREW-like model that includes the cost of communi-
cation. Blelloch [14] gives an O(lgn) randomized algorithm for a model that includes parallel
prefix as a primitive operation. Lim [82] gives a region-labeling algorithm that runs in O(lg* n)
time on an EREW PRAM which uses the planar and geometric properties of a mesh. Gazit
and Reif have recently developed a deterministic O((n + m)/1g n)-processor EREW algorithm
that runs in time O(lgn + lg? g) where g is the genus of the graph (what we call y5. which
can be much larger than 7 in disconnected graphs). They require an embedding of the graph.
Other algorithms for connected components are given by (25,45,74.91,122,127].

Our algorithm for labeling planar graphs is asymptotically the fastest algorithm to date in
the EREW PRAM model. The algorithm uses Algorithm BOUNDED-CONTRACT to simulta-
neously contract each component of the graph to a single node, and then it simply reverses
the contraction process and assigns the same label to all nodes in each connected component.
The algorithm uses O(n/lgn) processors, and with high probability (i.e., probability at least
1 — O(1/n*) for any constant k), the algorithm runs in O(lgn) time on an EREW PRAM or a
DRAM. Thus, our algorithm achieves the best possible asymptotic bound in the most restrictive
parallel models. The deterministic version of the algorithm runs in O(lgnlg" n) time using an
optimal number of processors (n/lgnlg” n). Like Lim’s O(lg? n)-time algorithm, our algorithm
for region labeling takes advantage of the planar nature of the image graph, but unlike his
algorithm, it does not depend on the geometric nature of the image.? Thus, our algorithm

'Hagerup has recently independently developed an O(lgnlg® n)-time n/lgnlg* n-processor deterministic
EREW algorithm for graphs of bounded genus [55] .
3Gy bsequent to the development of the planar version of our algorithm, Lim, Agrawal. and Nekludova [83)
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works on irregular planar structures, including meshes with local refinements and meshes with
(static) faulty elements.

The contraction algorithm can also be used for a variety of other applications including al-
gorithms for biconnected components of planar graphs and for spanning trees of planar graphs.
The running times for these algorithms is asymptotically the same as for the contraction al-
gorithm, and for these problems the running times are asymptotically the best to date in the
EREW model. All the algorithms, including the connected components algorithm, can be gen-
eralized to graphs of higher genus and higher degree using algorithm BOUNDED-CONTRACT.
The asymptotic running times for these problems match the running times of the contraction
algorithm (i. e. O(1g n +1g? 7) with high probability where 7 is the maximum genus of any con-
nected component). For classes of graphs with genus o(n¢) for constant € > 0, this is the best
bound to date. For graphs of genus Q(n¢) this matches the best previous bound of O(ig? n).

2.8 Conclusion

In this section we comment upon the practical behavior of algorithm BoUNDED-CONTRACT,
discuss its application to graphs of unbounded degree, and present some open problems.

In section 2.5 we commented that the behavior of algorithm BoUNDED-CONTRACT in prac-
tice is likely to be much better than that guaranteed by our worst-case analysis. This is partic-
ularly true for the bounded-genus case where we explicitly check for termination. For example,
we are not likely to require the worst-case number of iterations to reduce each component of a
planar graph to a single node. The general algorithm, however, always performs the worst-case
number of iterations for phase 1 because we do not have a means of detecting when phase lis
completed unless we in fact complete the entire contraction. Phase 2 only performs as many
contraction steps as necessary. Because of this control structure, it is probably good in practice
to choose the constant j in line 1 of algorithm CONTRACT based upon lemma 2 with a fraction
of 1/c good nodes for constant ¢ = 6 + € and € > 0.

If we are primarily interested in the practical behavior of an application of contraction
such as connected components, we can combine phase 1 of algorithm BoUNDED — CONTRACT
with any O(lg? n)-time EREW algorithm for connected components. Although we will not be
performing contraction to completion, we will compute the connected components in the same
asymptotic time and we may achieve better practical performance by using a different approach
to phase 2.

We can apply algorithm BoUNDED-CONTRACT to any graph by using the maximum degree
of the graph dmax in place of 40 in line 3 of the algorithm. The algorithm will contract the
graph in time O(1g nlg dmax +1g? v) where 7 is the component genus. Lemmas 1 and 2 apply to
any graph since eligible edges (and good vertices) are defined relative to the maximum degree
drax. Theorem 5 also applies to any graph by changing the degree 40 to degree dmax. Then
the analysis of the running time proceeds the same as the analysis in section 2.5 except that
the time needed to execute a parallel paired contraction step is now 1g dinax, Which is still
constant time if dmay is bounded. The corresponding bound for the deterministic algorithm is
O(lg n(1g dmax + 18" n) + 1g? v) which is asymptotically the same as the randomized algorithm

obtained an O(lg n)-time deterministic algorithm for region labeling. Like Lim's earlier work, and unlike ours,
their algorithm exploits the geometric properties of specific planar grids.
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unless dmax < lg” n). Thus, continuing the discussion at the end of section 2.7, our algorithm
is asymptotically the best to date for any graph with genus o(n‘) and degree o(n°) for any
constant € > 0. The restriction on degree is removed if we have an embedding.

To detect the termination of phase 1 we require an O(lg n) time n-processor algorithm which
can determine the genus of an n-node graph to within a constant without knowing the value
of n. The problem appears difficult since determining the exact genus vy of an n-node graph
is NP-complete [117} and the best sequential algorithm for this problem runs in O(n%™) time
[40]. There seems to be no work on parallel algorithms which approximate the genus of a graph.




Chapter 3

Vector-Matrix Primitives

3.1 Introduction

When implementing a parallel algorithm, it is convenient to have a high-level parallel language
which provides the convenience one has come to expect from well-established serial languages.
One wishes to concentrate on the details of the algorithm, allowing the language to abstract away
details of the machine including the number of processors, the interconnection network, and
the embedding of data elements into processors. However, since parallel machines are currently
very expensive and used for huge, computationally intensive applications, users often will not
give up performance for ease of programming and portability. Techniques for mapping high-
level descriptions of algorithms onto efficient code for various parallel machines have therefore
become very important and will probably consume a large portion of computer science research
in the next decade.

This chapter provides such a technique by showing how very high-level descriptions of a
broad class of dense matrix algorithms can be mapped onto a real machine, the Connection
Machine, with no performance loss over hand coded versions. It presents four high-level APL-
like primitives and illustrates code for a vector-matrix multiply, a Gaussian-elimination routine
and a simplex algorithm for linear programming based on these primitives. The algorithms are
straight forward implementations of the classic algorithms. The code is high-level, it works for
any sized matrices', and contains no information on how data is mapped onto processors nor
on how the data should be communicated. Therefore it is concise: none of our routines contain
more than 20 lines of code. The chapter then discusses our implementation of the primitives
on the Connection Machine and gives actual timings for both the primitives and two of the
algorithms. The simplex and vector-matrix multiply execute faster than any other code for
these applications for the Connection Machine. With 256 matrix elements per processor, an
iteration of simplex runs at 525 Mflops and Matrix- Vector multiply runs at over 1 Gflop on a
64K CM-2 (single precision). Versions of the primitives we implemented are now included in
PARIS, the parallel instruction set of the Connection Machine.

The four primitives we consider eztract a vector from a row or column of a matrix, insert a
vector into a row or column, distribute a vector across the rows or columns, and reduce the rows
or columns into a vector using a binary associative operator such as +, maximum, of minimum.

'Our current implementation is restricted to sizes which are powers of 2.

42
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Figure 3-1 illustrates the semantics of these four primitives. It is convenient to also use an
operation which spreads a row or column across its matrix (eztract followed by distribute). We

also assume the existence of various other simple primitives—these primitives are summarized
in Figure 3-2.

Although the extract and insert primitives might seem trivial, their implementation is ac-
tually as complex as the implementation of the distribute and reduce primitives. They involve
rearranging the data among the processors by communicating along trees embedded within
subcubes occupied by the rows or columns of a matrix. This data transfer guarantees optimal
load balancing of any row or column vector extracted from a matrix. Thus after extraction
each processor holds (within one) the same number of vector elements (= [m/p] where m is
the number of matrix elements and p is the number of processors). Load balancing the vectors
improved the performance of the simplex algorithm from under 100MFlops to over 500Mflops.

There has been considerable research on implementing dense matrix algorithms on hypercube
based machines [89.47,65,42,22,23). This chapter concentrates on how to get similar results
without having to code for the particular machine. The final execution of the linear systems
solver is similar to the algorithm suggested for a hypercube by Johnsson [65]. Our implementa-
tions of the primitives are simple, clean subcases of the n edge-disjoint spanning binomial trees
(NSBT) algorithms due to Johnsson and Ho [66]. Our extract implementation is a version of
what they call one-to-all personalized communication within subcubes and our distribute imple-
mentation is an example of all-to-all broadcasting. Other related algorithms for hypercubes are
discussed by Fox and Furmaski [43], Stout and Wager {113}, and Deshpande and Jenevin [35].

To motivate some of the decisions we made in the selection and implementation of primitives,
let us examine, as an example, the solution of linear programs using the Dantzig simplex method.
The standard form of a linear programming problem is as follows:

v i
o

.. Az
minimize Iz such that { :

where ¢ is an mp-dimensional integer objective function vector, A is an m; Xxmz integer constraint
matriz, b is an m,-vector of integers, and z is a real ma-vector of unknowns. All information
needed to perform a step of the computation is kept in a tableau which is initially the constraint
matrix A augmented by the column vector b and the row vector ¢. A single step of the compu-
tation is then one step of Gaussian elimination on the entire tableau where the pivot column
has the most negative value of vector ¢ and the pivot row has the smallest positive value of b/a
within the pivot column. Section 3.2 explains some of the ideas behind the method—for now,
an understanding of the functionality suffices.

If we have as many processors as tableau elements, a straight-forward implementation of
one simplex step can be written as follows:
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an &2 ... Gin
A= a21 G22 a2n
Gml1 QGm2 ... QGmn
B=[b b ... by]
extract-row(A,2) =[ a1 a2 ... a2, ]
by by ... bn
a a a
deposit-row(A, B,1) = ," 2 n
AGmi @mz --- Omn
bl b2 cas bm
by b b
distribute-row( B) = _l ? ) ,m n
by b ... bm
+-reduce-to-row(A) =
[ ain+an+...+am, a12+a2+...+am2, ..., ain+ 8+ ...+ Gmn ]

Figure 3-1: The four primitives we consider eztract a vector from a row or column of a matrix,
insert a vector into a row or column, distribute a vector across the rows or columns, and reduce
the rows or columns into a vector using a binary associative operator such as +, maximum,
of minimum. The number of columns n across which a row is distribute'd is determined by
context, usually the dimensions of the matrix variable which is set to the result of the distribute:
C = distribute-row(B).
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Scalar Instructions: +, -, x,...

Global Instructions: Broadcast, g-min, g-max, ...

Vector-Matrix Instructions: insert, extract, distribute, reduce

!
Elementwise Vector and Matrix Instructions: p-+, p-—, p-#, p-=. ... ‘
'1
|

Figure 3-2: The instructions we use in the algorithms described in this chapter Global instructions
compute a single value from all elements of a vector or matrix or broadcast a single value across a
vector or matrix. Elementwise instructions perform an operation elementwise over corresponding
elements of equal sized matrices or vectors.

Algorithm Simplez
;tableau T ((my + 1) x (my + 1))
stnitially matriz A augmented by

scolumn vector B and row vector C'

repeat forever:

1 selecting processors that initially held vector C

2 pivotcolnum = column # of processor holding g-min(T)
(if g-min(T) > 0, exit Simplezr successfully)

3 selecting processors that initially held vector B

4 send value of T to pivot column (store locally as B)

5 selecting processors in Pivot column with T > 0
(if none, exit Simplez unsuccessfully)

6 Ratio = p-+(B,T)

7 pivotrownum = row # of processor holding g-min( Ratio)

8 pivotelement = A[pivotcolnum](pivotrownum]

9 selecting processors in the pivot row

10 T = p-+(T,Broadcast(pivotelement))

11 send T value of pivot row to all rows (store in Pivotrow)

12 send T value of pivot column to all columns (store in Pivotcol)
13 T = p-—(T,p-+( Pivotrow, Pivotcol))

In general, however, we would like to run problems in which the tableau is larger than the
number of processors. Figure 3-3 shows how we might map an m; X m; matrix onto a machine
where the processors can be logically configured as a grid. Each processor holds a ky x k;
submatrix which is as square as possible (an aspect ratio of at most 2). The runtime environment
can keep track of how a matrix is mapped onto the processors, and can automatically loop
over all the elements in each processor when operating on the matrix. This bookkeeping is
best executed at run-time rather than compile-time because the executable code should be
independent of the number of processors in a machine.

This embedding is load balanced with respect to the matrix since each processor holds an
equal number of matrix elements. Any given row or column, however, when viewed as a vector is
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P, k&
[,

mn,

Figure 3-3: Each processor in an P-processor hypercube viewed as a py x p; grid of processors
holds a k; % k; submatrix of the m; x m; matrix (P = p;p;, my = prky and m; = ppkz). In
this example, k; = k2 = 2, py = p2 = 4, and m; = m; = 8. Heavy lines represent processor
boundaries and thin lines represent matrix element boundaries.

not well-balanced at all as shown in Figure 3-4. In particular, when performing the divisions in
lines 6 and 10 and the minimums in lines 2 and 7 in the simplex algorithm above, a small subset
of the processors must perform many computations while the rest of the processors are idle.
When computing on a single column, as in line 6, it may be more efficient to use the underlying
interconnection network to spread the work from the one active processor in each row to the
idle processors in its row. For example, in computing on the column selected in Figure 3-4,
the two active processors send one operation to each of the three idle processors in their rows
so that each processor performs one operation. Furthermore, it may be beneficial to always
leave the B and C vectors stored in this load-balanced fashion and to update them in place.
In our implementation on the Connection Machine System, a carefully coded implementation
similar to the code above ran at 55 Mflops. After adding the load balancing, the loop ran at
525 Mflops. Furthermore, the code as shown in section 2.7 no longer contains the awkward
selection statements since logical vector and matrix functionalities have been separated.

In seeking to generalize from this experience, we found that the four classes of primitives
provide expressive power and potentially automatic efficiency improvement. In the simplex
example, our inefficiencies came from treating vectors as matrices. Distinguishing between
vector and matrix computations is not only efficient, but also fits well into the way programmers
think about computing on these objects.

Section 3.2 gives examples of the use of the primitives in several applications including
the simplex method for linear programming. The four classes of primitives provide cues that
computation is shifting from a full matrix to a vector related to that matrix (eg. a row or
column), indicating that it may be a proper time for load balancing. Bookkeeping related to
the looping over matrix or vector elements within a processor is best executed at runtime rather
than compile time because the binary code should be independent of the number of processors
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Figure 3-4: All the elements of a single column are located in a small subset of the processors In
the example they are located in 2 of the 8 processors. When extracting a column, the elements are
divided among the processors so that each processor gets one element of the column

in a machine. A compiler, however, can frequently decide whether is is better to load balance
during an extract or reduce operation or to leave the elements in place.

Section 3.3 discusses the implementations of the primitives for hypercube multiprocessors.
described in section 1.3. The algorithms we present in this chapter work on any hypercube
multiprocessor, but they are simple enough to run on a data parallel architecture in which each
processor executes the same instruction broadcast from a front end computer (also known as a
single instruction multiple data architecture).

Remarkably, although our implementations are very simple, we prove in Section 3.3 that the
reduce and distribute primitives are optimal for a hypercube in two senses: parallel time, and
processor-time product (work), provided the matrix is sufficiently large relative to the number
of processors and each processor is capable of sending only a constant number of messages in
unit time (this model is called a weak hypercube).

Section 3.4 gives timings for an implementation of our primitives on the Connection Machine
System [57]. The current implementations are restricted in two ways. First of all. the number of
rows and columns in a matrix must be a power of 2. Secondly, row vectors and column vectors
are not interchangeable. Thus a row extracted from one matrix can only be deposited into or
distributed across the rows of another matrix even if the column size matches the row vector
length. In section 3.3.6 we discuss techniques for avoiding the first restriction. The Connection
Machine has a router for arbitrary interprocessor communication and its processors have the
ability to indirectly address their memory; our algorithms, however, do not require the power
of these features because of the regularity of dense matrices. Efficient sparse matrix techniques
for the Connection Machine require both the router and indirect addressing (see for example
chapter 5 and [16]).
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3.2 Example Applications

In this section, we present CM implementations of matrix-vector multiplication, LU decom-
position with partial pivoting, solution of a linear system from an LU decomposition and a
vector b, and a simplex method for linear programming. These have been implemented using
the primitives we described and are competitive with all other CM implementations to date.

3.2.1 Matrix-Vector Multiply

The first example we present is a matrix-vector multiply. Using a distribute, we spread the
input vector over all rows of the matrix, multiply the two element-wise, and reduce all rows of

the result by summing across the rows, returning a column vector containing the matrix-vector
product. Thus,

ayi a2 v Qin b] I)
az axp azn b, T2
. X =
Gmi Gm2 ... Gmn bn Im
becomes
a5y a2 ... Gn h b ... b,
azy axp azn h & on
@mi Gm2z --- Gmn bh b ... b,

where the symbol - represents pairwise multiplication. The result of these parallel elementwise
multiplications are taken along the rows to yield the final result.

One complication is that our algorithm accepts a row vector as input but returns a column
vector. This condition causes less of a problem if we want to immediately use the vector in
another matrix-vector multiplication, as we would if we were investigating a Markov process. At
some cost in storage, we can store both the transition matrix and its transpose, then alternate
which one we use. Alternatively, we can pay O(f(k1,k2) +Ign) time to transpose either the
vector or the matrix, where f(ki,k2) is a function which depends on the routing mechanism
used for the transpose and the type of object being transposed.

Algorithm Matriz-Vector Multiply (MVM)
;matrz A (my X my)
:vector B
;temporary matriz TEM P (my x my)

1 Temp = distribute-row(B)
2 Temp = p-+(A,Temp)
3 return(+-reduce-to-column(Temp))
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3.2.2 Linear System Solution by LU Decomposition

The next example demonstrates solution of a linear system by LU decomposition with partial
pivoting and back solving. We start with the basic formula Az = b, where A is a given m x m
matrix, b is a given m-vector, and r is an m-vector of unknowns. We compute two matrices
L and U such that A = LU, where L is lower triangular and U is upper triangular (hence the
name LU decomposition). Now we have LUz = b, which we rewrite as Ly = b. Solving for y
is very simple since L is triangular [101]). This step is called forward solution. We then solve
Uz = y which is equally easy, as U is also triangular. This step is called back solution. See
a numerical algorithms text such as [101] for more complete descriptions of forward solution,
backward solution, and partial pivoting. Since for a given system A we may wish to solve r for
multiple b vectors, we split the linear solver into two algorithms, namely LU decomposition and
solution. As the L and U matrices do not share any non-zero elements, we can conveniently
store both matrices in a single matrix, known as the LU matriz.

When performing LU decomposition by Gaussian elimination, we select a row and column
at each step to eliminate. The process of selecting a row is called pivoting. The partial pivoting
technique processes the columns in left-to-right order, and selects the element of the column
with the greatest absolute value. This pivot choice improves numerical stability. Rather than
physically exchanging the two rows, which would yield a true lower and upper triangular ma-
trix, we record in a separate vector which row was eliminated in which iteration. This defines a
“logical” diagonal to the left and right of which reside the L and U matrices respectively. For
example, the following permutation vector corresponds to the following permuted LU decom-
position, where elements labeled L are part of the L matrix, those labeled U are part of the U
matrix, and those labeled D are on the diagonal:

Ly Dy Usp Ug
Lyy Ly L3y Dy
Dy Un Usy Uy
Lz Lz Dz Ug

The unpermuted LU decomposition looks like this:

Dy Upy Un Ug
Lyz Dy Uy Ug
Lz Ly3 Dy Us
LN Lu L34 D44

LU =

The parallel algorithm for LU decomposition is very simple. For an m x m matrix, we
perform m steps of Gaussian elimination. Moving left to right through the matrix, we extract
the columns in sequence. We find the element with the greatest absolute value, and extract
its row. We then divide the pivot column by the pivot element itself, and distribute the pivot
row and column across the matrix. We replace the part of the pivot column logically _bel.ow Fhe
pivot element, where it will serve as a column of L. Finally, we perform Gaussian elimination
on the square logically below and to the right of the pivot row and column. Note that the
selections in step 2 and 12 are nested; the processors selected in step 12 are a subset of those
selected in step 2.
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Algorithm LU Decomposition (LUD)

ymatriz A (m x m)
;LU decomposition with partial pivoting
;Returns LU in A, permutation vector in P

For i from 1 to m Do
selecting rows and columns of A that have not been pivoted on
Col = extract-column( 4, )
ptvotrow = row # of g-max(p-abs(A))
Row = extract-row( A, pivotrow)
Plpivotrow] = i
pivotelement = A[pivotrow,i]
Col = p-+(Col,Broadcast(pivotelement))
A = deposit-column(A4,Col, i)
Colmatriz = distribute-column(Col)
Rowmatriz = distribute-row( Row)
selecting positions in A that are not in the pivot row or column
A = p-—(A,p-*( Rowmatriz, Colmatriz))

W~ DN -

— e e s O
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The forward and back solution phase is also straightforward. Given a vector b, we first
solve Ly = b, divide y and U through by the logical diagonal such that the system has a unit
diagonal, and then solve Uz = y. A solution step consists of extracting a column, multiplying
it by the diagonal element, and subtracting from b. Note that to fi.d the pivot element we
compare the permutation vector against the loop index.

Algorithm Solve Linear System from Decomposition

smatriz LU (m x m)
;vector B
;permutation vector P
;Solve LUz = B

1 For i from 1 to m Do
2 Column = extract-column( LU, 1)
3 pivot = B[k] such that i = P[k]
4 selecting the elements B[j] and Column(j] such that P[j] > 1
5 B = p-—( B, p-+(Column, Broadcast(pivot)))
6 send logical diagonal of LU to first col of Temp
7 Diag = extract-column(Temp, 1)
;At this point B contains y from Ly = b
;Divide U and B by the diagonal.
8 B = p-+(B, Diag)

9 Temp = distribute-column(Diag)
10 Selecting positions in the logical upper triangle of LU
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11 LU = p-+(LU, Diayg)
12 For i from m downto 1 Do
13 Column = extract-column(LU, 1)
14 pivot = B[k] such that P[k] =i
15 selecting the elements B[j] and Column[j] such that P[j} < i
16 B = p-+(B,p-*(Column,Broadcast(pivot)))

17 unpermute B

3.2.3 Simplex method for linear programming

Our final example illustrates the Simplex method for solving linear programming problems.
The standard form of a linear programming problem is as follows:

b

C T Az
minimize czr such that 0
z

v i

where cis an my-dimensional integer objective function vector, A is an m; X mz integer constraint
matriz, b is an m,-vector of integers, and z is a real my-vector of unknowns. Generally we have
my < mj.

A vector z such that Az = b and = > 0 is called a feasible solution because it satisfies
all the constraints. If a linear program has an optimal solution, we can always find one such
that m; of the entries in vector r are equal to 0 [96]. Such vectors, called basic feasible
solutions, correspond geometrically to corners of the convex (m; — my)-dimensional polytope
of all feasible solutions. The simplex method for solving linear programs due to Dantzig 33]
starts at a basic feasible solution and pivots to a new basic feasible solution which improves
the objective function. Algebraically, we increase one of the zero-valued nonbasic variables (the
entering variable) until one of the non-zero basic variables becomes zero. In the Dantzig method
of pivoting, the entering variable is the one that will decrease the objective function by the most
(per unit increase in the variable).

All the information necessary to perform the pivoting is kept in a tableau where the objective
function and all nonbasic variables are represented in terms of the basic variables. At the start,
the tableau is the constraint matrix A augmented by the column vector b and the row vector c.
Vectors b and ¢ are also maintained in vector representation. \We use Gaussian elimination to
eliminate all columns corresponding to basic variables. Since the columns that correspond to
the basic variables always form the identity matrix, we can save space by not representing these
columns at the cost of some extra time per iteration. We also need an extra front-end array
to indicate the mapping of variables to rows and columns. The code below and in Section 3.1
does not include this optimization although the code used to gather the timings does.

Sii.ce all the nonbasic variables are zero at the basic feasible solution represented by the
tableau, the b vector represents values of the basic variables and objective function at the basic
feasible solution and the objective function vector c represents the unit change in the objective
function per unit increase in each nonbasic variable. To form the tableau for which one basic
variable is replaced by a nonbasic variable then involves one step of Gaussian elimination.

The tableau representation is used primarily for linear programs for which the constraint
matrix A is dense. In practice many linear programs from real applications are sparse. Imple-
mentations on sequential computers use special techniques to avoid computing on the whole
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matrix when only a few elements are non-zero. When the matrix is dense, however, the tableau
method (or the revised method which is more numerically stable) can be practical.

The implementation of Simplex with Dantzig’s rule is fairly straightforward. We first find
the index of the most negative coefficient of the objective function; pivoting on this variable will
give us the most rapid improvement in the solution per unit increase in the entering nonbasic
variable. If there are no negative coefficients, then we cannot make any improvement, and
thus have finished successfully. We then extract the indexed column, and select the positions
corresponding to real constraints, i. e. only positive coefficients correspond to basic variables
that decrease as the entering variable increases. If there are no positive coefficients in the
column, then the system is unbounded; we can increase the value of variable improving the
objective function without limit and never violate a constraint. To find the limiting constraint.
we divide the b vector by the positive elements of the pivot column elementwise and find the
index of the smallest ratio. The two indices define the pivot element. We then perform a
Gaussian elimination step.

Algorithm Simplez

;tableau A ((my + 1) x (m2 + 1))
:constraint vector B
;objective function vector C

repeat forever:
1 pivotcolnum = col # of element holding g-min(C)
(if g-min(C) 2> 0, exit Simplez successfully)

2 Pivotcol = extract-column( A, pivotcolnum)
3 selecting positions in Pivotcol with values > 0
(if none, exit Simplez unsuccessfully)

4 Ratio = p-+(B, Pivotcolumn)
5 pivotrownum = row # of element holding g-min(Ratio)
6 Pivotrow = extract-row( A, pivotrownum)

;update pivot row
7 pivotelement = Alpivotrownum][pivotcolnum]
8 Pivotrow = p-+(Pivotrow, Broadcast(pivotelement))
9 Rowmatriz = spread-row( Pivotrow)
10 Colmatriz = spread-column( Pivotcol)

;update constraint vector and objective function
:on their own, even though updated later

11 B= p--(B,p-t(Pivotcolumn,Broadcast(piuotrow[mg])))
12 Blpivotrownum] = Blpivotrownum|/pivotelement
13 C= p--—(C,p-t(Pivotrow‘Broadcast(C[pivotcolnum])))

; Update the tableau
14 A = deposit-row( A, Pivotrow, pivotrownum)
15 selecting positions of A that are not part of pivot rew
16 A = p-—(A,p-#( Prvotrow, Pivotcolumn))
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3.3 Implementation of Primitives

In this section we present efficient implementations for the four vector-matrix primitives on
hypercube architectures and analyze the time and processor-time complexities of these imple-
mentations. The implementations are based on a particular embedding of matrices and vectors
on the hypercube. We show that both the time complexity and the processor-time complexity
of the reduce primitives are within a constant factor of optimal provided that the matrix is suf-
ficiently large relative to the number of processors. Finally, we discuss generalizations to higher

dimensional matrices, matrices whose dimensions are not powers of 2, and matrices where rows
or columns are favored.

Figure 3-3 shows how we map an m; x m; matrix on an N-processor hypercube. Because
we wish to optimize the worst-case performance of the primitives on any row or column, we
treat each row and column as symmetrically as possible. Thus each processor holds a k; x
k, submatrix which is as square as possible. The processors can themselves be viewed in a
grid (perhaps in row-major order with respect to hypercube addresses or we can use Gray
coding to map the grid onto the hypercube such that neighbors in the processor grid are joined
by a hypercube wire). Our implementation, however, uses the full power of the hypercube
connections. The processors holding a given row of the matrix form a lg p,-dimensional subcube
of the n-dimensional hypercube and the given row is mapped to the same submatrix row in
each processor. This is simply another way of saying that the lg m;-bit row address is the same
for each element in a given row.

To map a lengtit 2V vector onto an n-dimensional hypercube configured as a p1 X p; grid. we
map 2'~" vector elements to each processor with row vectors mapped in column-major order
and column vectors in row-major order. Figure 3-5 illustrates how row vectors are mapped
onto the virtual grid both when v > n and when v < n. The embedding of vectors as described
above is load balanced in that each processor holds an equal number of elements.

Based upon the matrix and vector embeddings described above, we describe the imple-
mentation of the row version of the extract and reduce primitives. The implementation of the
deposit and distribute primitives are similar and are pictured in Figures 3-7 and 3-10 with pseu-
docode given in figures 3-6 and 3-9. The deposit primitive is basically the inverse of the extract
primitive. The reduce primitive is similar to the extract primitive but as well as swapping data
across the cube to load balance, the data is summed along the way. The distribute primitive is
basically the inverse of the reduce primitive.

All of the primitives are implemented by stepping through the dimensions of the hypercube
with each processor simultaneously communicating with its neighbor in that dimension. In the
extract and reduce primitives, the number of data elements communicated typically halves on
each dimension step (each step halves the complexity). In the deposit and distribute primitives,
the number of data elements communicated typically doubles on each dimension step. For
the extract and deposit primitives, only one processor from each pair of communicating proces-
sors sends data. For the reduce and distribute primitives, both neighbors generally send equal
amounts of data. None of the primitives require indirect addressing on the processors. and the
control is strictly data parallel.
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3.3.1 Extract

The extract operation takes a matrix and an index r within the bounds of the matrix and
extracts row r as a row vector (see Figure 3-5). At the start of the algorithm, each processor
either contains k; elements of row r or it contains no elements of row r. Furthermore, those
that contain elements of row r all have the same processor row address rp represented bitwise as
To.T1,.--,Ngp—1- Lhus neighbors across each of these dimensions do not contain any elements
of row r. In the extract procedure, we step through the dimensions, starting at the highest
dimension, and each processor containing elements of row r sends half of its elements to its
empty neighbor in that dimension. The result of the extract is that the vector elements originally
held in the processor at grid address (r,,j) are evenly distributed among the processors in

column j.

Algorithm Ezxtract- Row

;matriz M
;row number r (processor row r,, offset rm )

fu—y

Let ro,71,...ngp, -1 be the bit representation
of processor row r,.
2 Fori=0tolgpi ~1Do
3 Selecting processors with elements of row r
4 If no processor has > 1 element of row r
5 then If r; = 1 then send value to neighbor in dimension i.
6 Ifr,=0
7 then send last k;/2'+! elements of row r to neighbor in dimension i.
8 else send first k3/2'*! elements of row r to neighbor in dimension i.

The if statement in lines 6-8 guarantees that the row is kept in a fixed order. Figure 3-5a
illustrates the case where the number of elements per row in each processor is greater than
the number of processors in each column of the processor grid (k2 2 p;). In this case the row
elements are dispersed in column-major order with each processor getting the same number
of matrix elements. Figure 3-5b illustrates the case where the number of row elements per
processor is less than the number of processors in a column of the processor grid (k2 < py).
In this case, each processor has at most one matrix element. Only processors whose last
lg(p1/k2) bits are 0 contain vector elements because of the conditional sends in line 5 of algorithm
extract-row. Thus the embedding of an extracted row is the same regardless of which row is
extracted. This canonical representation of a vector is important when we wish to operate on
two vectors such as to sum them or take a dot product. If, however, we only want to perform
a global operation on the extracted vector and then throw it away, we can simply stop when
each processor has at most one vector element.

It appears that we are using indirection in lines 7 and 8 of algorithm extract-row. In fact we
are not. Since the value of r, for 0 < i < lgp, is the same in all processors, in each iteration
of lines 2-8, exactly one of lines 7 and 8 is executed. We can copy the row to a working-space
vector at the start of the algorithm at a cost of k; and then each processor with elements of
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Figure 3-5: Examples of the algorithm extract-row. The grid indicates the grid of processors.
Number ranges indicate elements of the row vector being extracted. At the start, all elements
are in a single row of processors. In case (a), each processor ends up with more than one vector
element. In case (b), some processor rows do not get any vector elements. In both cases, the

final vector is in column-major order.
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Algorithm Deposit- Row 1

smatriz M
;row number r (processor row rp, offset r,,)

1 Let ro,7y,...Ngp, 1 be the bit representation of processor row r,.
Let 3sq,31,...81gp,—1 be the bit representation of a processor’s own row address|
Let w be a local vector in each processor,

initially holding all values of vector v in that processor.
4 Fori=Ilgp —1downto 0 Do
5 If s; # r; Then send all elements of vector w to neighbor in dimension .
6 If processor received data
7 Ifsi=0
8
9
1

W N

Then store all elements received in the back of vector w.
Else store all elements received in the front of vector w.
0 Store vector w into local matrix row r,.

Figure 3-6: Pseudocode for the deposit primitive. As with algorithm extract-row although it
appears that we use indirection in lines 8 and 9 of algorithm deposit-row in fact we do not. All
processors that receive data in line 5 have the same value of variable s;, namely s; = r;.

row 7, whether initially stored in the matrix or received during the course of the extraction,
accesses the same memory location. Alternatively, we can perform the communication in two
phases: one for the processors originally holding the row and one for all other processors. and
then copy only [k2/p1] vector elements at the end.

We now count the number of messages sent where a message is the sending of one matrix
value by each active processor. During the first communication phase, each active processor
sends k;/2 messages, then k;/4 messages, then k;/8 and so on. Each time a message is sent,
each sending processor sends one element to a neighbor which has fewer elements. Thus, each
message phase reduces the maximum number of elements per processor by one until the clean-up
phase where at most one message is sent over the final lg([p1/k;]) dimensions to place a vector
in canonical form. Therefore, the total number of messages sent is equal to the reduction in
maximum number of elements per processor plus clean-up costs. Since at most [kz2/p1] elements
of r are left in any processor, the number of messages sent is k2 — [k2/p1] +18([p1/k2})-

3.3.2 Reduce

For each binary associative operator 3, The &-reduce-to-row operation takes an m; X mp matrx
A and produces a row vector v such that v; = agi D a1i ® --- D G(m,-1)s- For example, if &
represents addition, the ith element of the output vector contains the sum of all elements in
matrix column i. At the start, each processor contains k elements of k, different columns.
After reducing within the processor, we are left with k; different values: one partial sum from
each of the k; columns. We then step through each dimension of the processor row space.
exchanging half of the elements (column sums) remaining in each processor, and computing on
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Figure 3-7: The deposit-row primitive deposits a row vector into a row of a matrix. In these
examples, we deposit into row 2 (part a) and row 1 (part b). The algorithm is basically the

inverse of the extract-row algorithm.
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the remaining half.

In the following algorithm, we assume indirection so indexing into the working vector v is
done via pointers which are updated after each communication phase.

Algorithm @ -Reduce-to-Row
;matriz M

All processors Do in parallel
For each of the k2 columns within the processor Do
Compute the @ of the k; elements in each column.
Store in vector v.
Let ro,r1,...Ngp, -1 be the bit representation of a processor’s row address.
Fori=0tolgp; - 1 Do
if Ts = 0
Then send last |k;/2'*!| elements of v to neighbor across dimension :.
Else send first [k;/2'*!] elements of v to neighbor across dimension .
10 let w be the vector of values received from neighbor in dimension 1.
11 for j = 0 to kp/2'+! Do
12 v = v P w.

W 00~ O W bW~

For the sake of discussion, let us assume the operator & is addition. Figure 3-8 illustrates
the reduce-to-row primitive operating on one column of processors. In figure 3-8a, the column of
processors must produce the sum of 8 columns. Since there are only 4 processors in the column,
each holds the final result of 2 columns. In figure 3-8b, there are fewer columns per processor
than there are processors per column of the processor grid. Therefore, not every processor holds
a column sum. For either case, the reduce operation produces a vector which is mapped onto
processors in the canonical form described earlier (the same mapping produced by the extract
operation, for example).

To modify the reduce-to-row routine to remove the need for indirect addressing, each pro-
cessor permutes the partial sums in vector v as the intraprocessor reductions are computed.
Vector v is permuted in such a way that during each step of algorithm reduce-to-row the proces-
sor sends the last half of vector v. More precisely, let b, 51,...,bigk,-1 be the bit representation
of the index of an element in the unpermuted v. The index corresponds to intraprocessor col-
umn number of the partial sum. Let ro,71 ..., Ngp, -1 be the processor row number. Element
bo.by,. ... Digka—1 Of the unpermuted vector v is stored in location b, 8, -.- 'b{skrl of vector v
where b = b; if r; = 0 and b, = 5, otherwise (including the case where there is no r,).

We now analyze the amount of work necessary to execute algorithm reduce-to-row. To reduce
within a processor requires kz(ky — 1) sums. We then have k; — [k2/m] +18([p1/k2]) messages
each of which is followed by a sum. Therefore, we have at most koky — [k2/p1] + 18( (pr/k2])
sums and at most k; — [k2/m] + 18([p1/k2]) messages.

Using arguments similar to those used in the above analyses, we see that deposit-row has
the same complexity as extract-row. The message complexity of distribute-row is the same as
reduce-to-row.
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Figure 3-8: The reduce-to-row operation focusing on one column of processors. In example (a),
we are reducing 7 columns. The ranges indicate that the processors contain the partial sums of
the given column indices. In each step of the reduce-to-row operation, each processor sends half
its elements to its neighbor in the ith dimension and accumulates what it receives into the half
it keeps. The process terminates when all dimensions are processed. (a) If processors contain
> 1 final sum, then all processors have the same number of sums. (b) If all dimensions have not
yet been crossed but processors have at most 1 partial sum, processors with higher addresses
send their partial sum.
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Algorithm Distribute- Row

imatric M (m; X my)
;row-vector v (length m;y)

1 Let ro,7y,...Ngp, -1 be the bit representation of a processor’s row address.
2 Fori=lgp; — 1 down to 0 Do

3  send all elements of v to neighbor in dimension i (keep a copy).

4 If = 0

5 Then store vector elements received from neighbor at end of local copy of v,
6 Else store vector elements received from neighbor at front of local copy of v

Figure 3-9: Pseudocode for the distribute-row operation. The distribute-row primitive takes an
m; X my matrix A and row vector v of length m; and distributes a copy of that vector to each
processor row. Logically, the distributed row is then replicated within each processor so that
the result of the distribution is a matrix of size m; x m;. Practically, the processors need only
keep one copy of the relevant piece of the row vector.

3.3.3 Spreads

Although we did not include it in our primitives, one could envision a spread-row operation which
replicates a single row r of a matrix across each row of the matrix. A naive implementation of
spread-row based upon the standard matrix embedding is as follows:

Algorithm Spread-Row

:matriz M (my X m3)
:and row number r

1 Let ro,7y,...Ngp,—1 be the bit representation of a processor’s row address.
2 Fori=0tolgp - 1Do
3 send all elements of row r (if any) to neighbor in dimension i (keep a copy).

We could also define a reduce-and-Spread operation which reduces a matrix to a single
row and then distributes that vector back across the matrix. A naive implementation of this
operation would look very similar to the above algorithm except that both neighbors would
communicate and sum all elements. The naive implementation of the spread operations requires
k; lg ;v messages.

We implement the spread and reduce-and-Spread operations directly from the extract, reduce,
and distribute primitives. That is, to spread a row across a matrix, we first extract the row
and then distribute the resulting row vector. To perform a reduce-and-Spread on rows, we first
reduce to a row and then distribute the resulting column vector across the columns of the
matrix. Somewhat surprisingly, it is much more efficient both theoretically and practically to
first extract a vector (or reduce a matrix) than to operate on the matrix as a whole, even when
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Figure 3-10: The distribute-row primitive replicates a row vector across a matrix. Communi-
cation proceeds across dimensions of the processor row address least significant bit to most
significant bit. Each Processor sends all information to its neighbor and receives an equivalent
amount of information, thus doubling data on each step. In case (b) where not all processors
hold vector elements, the first steps replicate single values until all processors have one vector
element. Then the number of values sent doubles on each successive step.
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we are not interested in computing on the intermediate vector. The spread-row operation, if
implemented with an extract-row followed by a distribute-row sends at most 2(k2 — [ko/p1] +
lg([p1/k21)) messages.

3.3.4 Analysis

In this section we argue that our algorithms for the reduce-to-row operations is within a constant
factor of optimal in two ways. First we show that the parallel time (messages plus computation)
required to execute algorithm reduce-to-row is within a constant factor of optimal. This is also
true of the distribute-row implementation provided the embedding is nontrivial. Then we argue
that the total work which is the product of parallel time (T) and number of processors (P) is
within a constant factor of the work required for any sequential implementation of the reduce
operation provided kjk; > lgp;. In other words, our algorithm is optimal if the number of
matrix elements per processor is at least as large as the number of dimensions of the hypercube
(in fact, a constant fraction smaller than lg n is also sufficient). To argue optimality in terms of
time, we state lower bounds for the number of messages and operations required by any parallel
implementation of reduce-to-row and compare them to the operation counts argued earlier in
this section. We then compare minimum number of operations with the PT product of our
implementation of reduce-to-row. To achieve the lower bounds we use the weak hypercube model
where each processor can only send out one message in unit time.

Parallel Operation Count

To prove that our implementation of reduce-to-row performs at most a constant factor more
than the optimal number of parallel operations, we first prove that any parallel algorithm for
reduce-to-row must send at least (lgp) messages, where p is the number of processors. regard-
less of how the matrix elements are embedded in the hypercube. To complete the optimality
proof for reduce-to-row, we finally show a lower bound of k&, parallel arithmetic operations on
an N = p;p, processor machine.

We now argue that any algorithm that computes reduce-to-row must send Q(lg p) messages.
Let us assume that we have m > p/2, because otherwise we could run our algorithm on a
subcube of the machine. Also, let us assume without loss of generality that m; > m;, so
that m; > p/4. Suppose some processor contains {)(Ig p) elements from some column. Then
it must accumulate at least half of them locally or send at least half of the elements to other
processors, thus yielding the lower bound. Suppose, instead that no processor contains more
than 1g p elements of any one column. Then some column must be embedded in at least m;/lgp
processors. Therefore, to accumulate the column requires

lg(mi/lgp) = lgmi —lglgp
> lg(p/4) -1glgm

messages. Therefore, we must send Q(1gp) messages. .

We now count the minimum number of parallel arithmetic steps on machine with .V = p1p2
processors. The number of arithmetic operations that must be performed is mz(m; — 1).
Since there are only pips processors to perform that operation, we must use at least (mym; —
m2)/pp2 = Q(kyky) time.
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Combining the separate lower bounds, we have that the minimum time to perform a
reduce-to-row is Q(lgp + k1k2). Since the number of messages plus operations executed by
our implementation of reduce-to-row is O(Igp + k) k2), our implementation is optimal in terms
of asymptotic parallel execution time.

We can use arguments similar to those above to show an k2 +1g p) lower bound on message
complexity for the distribute operation provided we require a processor holding e elements of a
column to record e local copies of the distributed row element associated with that column. If
the processors need only have one copy of the distributed row element for each column of which
it contains any elements, then we can show the lower bound provided the matrix is embedded
nontrivially. By nontrivial, we mean that each processor contains at least one matrix element
and no one processor contains more than (1 - 1/p)m of the m matrix elements. We first show
an (lgn) bound for the number of messages needed to distribute a row or column provided
each processor holds at least one matrix element. Then we show an (k) bound assuming a
nontrivial matrix embedding for the above definition of nontrivial. We make no assumptions
about the embedding of the vector to be distributed. The basic idea is that when a processor
holds most of a column and the associated vector element that must be distributed to that
column, then the row distribute for that column is trivial. Column distributes, however, for that
processor then become costly.

We now show an Q(lgp) lower bound on the time needed to distribute a row or column
across a matrix even if we do not require local copying. Suppose that no processor contains
more than Ig p elements of any row or column. Then each column is spread over at least m,/lIgp
processors. Therefore the single value that must be distributed to all elements of a column must
propagate to at least m, /lg p processors. Using the same arguments as above, this propagation
requires lg(m, /lgp) = Q(lgp) messages.

Now suppose that some processor P’ has at least lg p elements from some column. Suppose
that we now wish to distribute a column vector. If, on the one hand, Q(lgp) of the necessary
vector elements are stored in other processors, then we require (lg p) time to get these values
into the processor P’. If, on the other hand, processor P’ holds Q(lgp) of these vector elements
then distributing within that processor is trivial since we do not require local copying. This
processor must, however, send out any vector value it holds unless it, in fact, contains the
entire row to which that value must be propagated. If it does not contain Q(lgp) complete
rows, therefore, we are done because we require f2(lgp) time to ship out the vector values
stored in processor P'.

Let us now consider the final case. We have a processor P’ which contains at least lgp
elements from some column, holds (lg p) of the vector elements for a column to be distributed,
and contains (g p) complete rows (so there is no need to send out those values). What happens
when a processor contains even one complete row? If we later wish to distribute a row, then
this processor must receive all m; values of the row. We achieve the desired lower bound based
upon the time to receive these values unless processor P’ holds at least my — o(lgp) of the
vector elements. Under these circumstances, we achieve the desired lower bound based upon
the time to send values unless processor P’ holds at least m; — o(igp) complete columns. A
similar argument shows that once a processor holds a complete column, then that processor
must hold at least m; — o(lgp) complete rows. Figure 3-11 demonstrates how many matznx
elements processor P/ must hold to avoid the lower bound. Thus there are at most o(lg° p)
matrix elements left to be embedded in the remaining p — 1 processors. Since we assume that
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<~——m,~o(lg p) ——

Figure 3-11: In the case where some processor P’ contains at least lgp elements from some
column, we can show an Q(lgp) lower bound on the time to send or receive messages from
processor P’ unless that processor contains all but o(lgn) of the matrix elements. The hatched

region represents the elements the processor must hold. The remaining o(lg? p) elements cannot
contain any full rows or columns.

each processor holds at least one matrix element, we have that p — 1 > g p which is true
asymptotically (for small values of p, in fact). Thus we have proven the {(Ig n) lower bound.
We now prove an (k) lower bound on the worst-case time to distribute a row or column
where ¥ = mink;,k;. Because we chose as square a submatrix as possible, we have that
k? = m/p within a constant. Using arguments similar to the ones above, we see that we require
(k) time unless some processor holds at least
m-k* = m-m/p.

m(1 - 1/p)

elements of the matrix. This is impossible by our definition of nontrivial ma.rix embeddings.

We have shown an Q(k + Igp) lower bound on the message complexity of distribute, even
without local copy provided the matrix embedding is nontrivial. Since our implementation of
the distribute primitives has message complexity O(k + lgp) it is optimal within a constant
factor.

Processor-Time Product

In this section we show that the product of arithmetic operations times number of processors is
within a constant factor of the number of operations required by any sequential reduce-to-row
implementation. As argued above, any sequential algorithm must perform my(m, — 1) arith-
metic operations.

The PT product for reduce-to-row is

PT = pipa(kiks +1g([pr/k2]) = [k2/m])
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= mimq + pip2lg([p1/k2]) — pip2 [k2/p1]
< mimy +pyp21g([p1/k2])
< mumg + pip2ki k2

because we assume that kyk; > lgp;. Therefore we have that PT < 2m;m,. This proves that

the total work as indicated by the processor-time product is within a constant factor of optimal
provided that kyk; > lgp.

3.3.5 Computing on a Single Row or Column

In this subsection we discuss the cost of computing on a single extracted row of a matrix. In
particular we consider whether it is always worth load balancing rather than just moving the

row, or column, locally within the processors that contain it. We consider four cases that might
appear in practice:

1. We extract a row, operate on it, and distribute it across the other rows.
We extract a row, operate on it, and deposit it back in place.

We extract a row, operate on it, and deposit it back into another row.

Lol

We extract a row, operate on it, and throw the row away (for example, if we wanted to
find the maximum in a row).

The load balancing advantage costs nothing in the first case. Since spreading a row across
to all others is efficiently implemented as an extract followed by a distribute, we simply break the
spread into its two pieces and operate on the load-balanced representation in the middie. The
decision of whether or not to load balance the vector in the second and fourth cases should be a
compile-time or run-time decision, and depends on how many operations need to be performed.
and the relative time of communication and computation. We have found in the applications we
have studied that the first case occurs frequently, so it is therefore often worth load balancing
when extracting a row. We analyze the second case to give an example of the considerations
required for deciding whether it is worth load balancing or not.

In the second case we want to extract a row, operate on it, and put it back. Let a be the
time it takes to perform a single arithmetic operation of interest (e.g. a divide) and let s be the
time to send a matrix element over a hypercube wire. Let ¢ = [k2/p1] be the maximum number
of elements per processor after load balancing. Then the time it takes to compute without load
balancing is kqa. If we extract first, compute and run extract in reverse, the cost of the entire
computation is 2(k — g)s for the messages plus qa for the computation. The load balancing is
advantageous exactly when

ka > 2(k—q)s+qa
(k2 -q)a > 2kz—q)s
a > 2s.

Thus a compiler need only estimate the amount of time to perform the arithmetic and thg
amount of time to send a matrix element over a cube wire. If the compi'-~ determines that it 1s
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not advantageous to do load balancing in such a situation, it can do a lazy extract which simply
copies the row to a local array. If we want to store the result vector back to another row of
the matrix, the decision is not entirely configuration independent since we must figure the cost
of sending a row directly (worst case O(lgp;)) vs. the cost of an extract plus deposit (worst
case O(2(ky — [k2/p1] +1g([p1/k21))), making load balancing less favorable. In this analysis we
assumed there is no pipeline startup cost for executing multiple arithmetic or communication
steps. With a pipeline start up cost, the decision could not be made at compile time.

3.3.6 Extensions

In this subsection, we discuss extensions to higher dimensional matrices, matrices whose di-
mensions are not powers of 2, and matrices where rows or columns are favored. We also discuss
ways to represent vectors in a canonical form so that we no longer distinguish between row and
column vectors. Finally, we discuss extraction of the main diagonals of matrices. Chapter 4
discusses an extension of the extract primitive that balances arbitrary distributions of active
tasks.

If we have t-dimensional matrices, the address of each matrix element is now divided into ¢
pieces corresponding to indices in each of the dimensions. All implementations extend directly
by operating on the appropriate set of address bits. For example, to extract in dimensions 1
and 2, use the concatenated bits of the processor addresses for these dimensions in place of the
row address in algorithm extract-row.

For matrices where m; and mg are not powers of 2, we embed the matrix in a py X p2
matrix such that each processor has at most k; = [m;/p)] rows and k; = [ma/p,] columus.
If either k, or k; is not a power of 2, the first communication phase of an extract and the
last communication phase of a deposit, etc, have fewer messages than normal, namely |4,/2].
Otherwise, the implementations are unchanged.

If we wish to optimize operations on rows, taking a penalty for operations on columns, we
can configure the processor grid such each processor holds a minimum number of elements from
the same row (at most [ma/p]).

Another possible extension is to store vectorsin a canonical form. In our current implemen-
tation a vector extracted from a row of a matrix (a row vector) is ordered on the processors
differently from a vector extracted from a column of a matrix (a column vector). [t is possi-
ble to store all vectors in the same ordering, a canonical form, with no additional cost to our
primitives. This, however, requires that the rows and columns of a matrix are mapped onto
the processors in an noncontiguous order—one row of a matrix is no longer be adjacent to the
next. This makes nearest neighbor communication on a grid more expensive. We believe that
the better choice is to keep the two representations and swap between them when necessary.
This could be hidden from the user.

The extract primitive can be applied to the main diagonal of a matrix without modification.
If we have square submatrices stored in each processor (ky = kz), then we have only one
processor in each row of processors that contains any active matrix elements. We can then
extract this diagonal by proceeding through the dimensions of the processor column address as
before. The only difference is that the memory location of the active elements may not be the
same for every processor. This procedure can be used with either the rows or the columns (but
not necessarily both) of the processor grid regardless of the aspect ratio of the matrix blocks
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within each processor.

3.4 Timings

We present the timings for each of the primitives on the CM-2 along with the timings for the
vector matrix multiply and Simplex algorithms. The timings are for a square matrix in a 16384
processor machine running at 6.7 MHz. Timings reflect the total time that the CM-2 was busy.
Each element of the matrix is a single precision (32 bit) floating point number. Timings for the
full 65,536 processor machine are extrapolated from the figures for the smaller machine. e
give the timings for different values of k; and k3, the intraprocessor matrix dimensions. The
times for more than 1 element per processor scale sublinearly with the total number of elements
in each processor. The times are presented in milliseconds, and the flop rate in Mflops.

“ " Reduce ” ”

Elements 16K 64K

per proc || msec | Mflop || msec | Mflop
Ixl 0.70 234 0.86 75
2% 2 0.98 66 1.14 229
4 x4 1.73 149 1.91 558
8 x 8 1.30 24311 4.46 939
16 x 16 || 13.27 3151 13.46 | 1246

(I [ Distribute [ 1

Elements 16K 64K

per proc || msec | Mflop || msec | Mflop
I1x1 0.44 -l 0.44 -
2x2 0.69 -[i 0.69 -
4x4 1.30 -l 1.30 -
8 x 8 3.09 -1 3.09 -
16 x 16| 8.81 - || 8.92 -

Extract

Elements 16K 64K

per proc msec | Mflop || msec | Mflop
I1x1 0.69 -1 0.85 -
2x2 0.88 - 1.04 -
4 x4 1.21 - 1.37 -
8x8 1.95 - 2.11 -
16 x 16 || 3.46 -1 3.65 -
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[ [ Vector-Mtx Mpy [ B

Elements 16K 64K
per proc || msec Mflop || msec | Mflop
Ix1 | 187 17 2197 59
2x2 2.67 48 2.99 174
4x4 4.37 110 || 5.05 415
8x8 11.19 187 | 11.51 728
16 x 16 || 32.90 254 | 33.39 | 1004

We now provide an example of performance improvement from use of these primitives. A
carefully coded naive implementation of Simplex, using k; = 8 and k2 = 8 ran at a speed of 190
milliseconds per iteration, which is equivalent to 44 Mflops. The version using the primitives
discussed in this paper takes 17 ms per iteration, which is equivalent to about 500 Mflops.

The distribute-row implementation used for the matrix-vector multiply timing propagated
row values through the intraprocessor matrix. Performance can be improved by propagating
only one copy of each value per processor. We estimate the time spent distributing the values
across the intraprocessor matrix to be as high as 85% of the overhead for 16 x 16 intraprocessor
matrices. Hence, we could gain considerable performance by implementing this optimization.

3.5 Conclusions

In this section we offer additional comments on the nature of the extract implementation and
point to future research directions.

Abstractly, each exchange of matrix elements across a dimension takes a bit that is constant
in the processor addresses of active processors, making it vary, and takes a bit that varies in
the intraprocessor address of the active processors, making it constant. That is, we exchange
a constant in processor space for a constant in intraprocessor space. For example, in figure 3-
3(a), we are extracting a matrix row that is embedded in processor row 01. At the start of
the extraction, the four active processors all have processor row 01. Each active processor
contains 8 elements of row r, so to represent the intraprocessor offset requires 3 bits. After
the first communication phase, active processors have row number 01 or 11, so the first bit is
no longer constant. Each active processor now holds 4 elements of row 7, so to represent the
intraprocessor offset requires only 2 bits. Therefore the leading bit of the intraprocessor address
is now a constant (0). Alternatively, we can think of the matrix as being embedded in a full
(lg my + 1g mz)-dimensional hypercube. Of course, in this case dimensions are not equivalent
since some are across processors and some across processor memory. Algorithm extract-row
rotates the hypercube such that a given row has a maximum number of its dimensions across
processor space.

In the future we hope to generalize our implementation of the primitives so they work
on processor grids whose row and column sizes are not powers of two, and to allow a vector
extracted from a row of a matrix to be distributed to or deposited in either a row or column
of another matrix. We also hope to make our primitives available to higher level languages. as
part of a library of related matrix primitives, so that they can be easily used. o

We hope that this chapter spurs interest in developing a small set of simple matrix primitives
which could then be efficiently implemented with a consistent interface on a large number
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of machines. The primitives described here are not parallel primitives. They are equally
meaningful on a sequential architecture. [t is our implementation that is parallel.




Chapter 4

Dimension-Exchange Load
Balancing

This chapter considers a load-balancing technique for hypercube multiprocessors that is a gen-
eralization of the extract primitive presented in chapter 3. When we compute upon a row or
column of a matrix embedded as described in section 3.1, we know exactly where the active
elements are. In general, however, each processor can have an arbitrary number of computa-
tions to perform on any given instruction. In a data-parallel architecture, we cannot begin a
new instruction until all processors have completed the previous instruction. Thus, our com-
putation speed is limited by the processor holding the maximum number of active jobs on each
instruction. In general, the maximum can be much larger than the average load, so it may
be advantageous to balance the load among all processors. Since all processors are performing
the same operation, we can send a task to another processor by simply sending the data to
be operated upon. Thus the notions of tasks and data elements are interchangeable in this
context,

It is possible to balance load exactly (within 1) using global information. One possible way
is to use an extension of an algorithm developed to contract holes out of lists on the Connection
Machine. Suppose there are W tasks spread arbitrarily across the n processors. We enumerate
the tasks using a parallel prefix computation and then send the first {W/n| tasks to processor
0, the second |W/n] to processor 1, and so on. If we have W = m mod n, then the first
m processors receive an extra task. More precisely, if processor i has w; tasks, then after
the parallel prefix computation, each processor knows the number of tasks held by processors
preceding it in linear order: W; = 3., ., w;. Thus each processor can compute to which block(s)
of size W/n its tasks belong, and send the tasks to the appropriate processor(s).

This global load-balancing strategy has some disadvantages. First of all, in general a proces-
sor may have to ship all its tasks off to a distant processor and then receive an equal or greater
number of tasks from some other distant processor. Thus we lose much locality. Secondly,
each message must travel more than one hypercube wire in general, and therefore this strategy
requires a router. Because each processor sends and receives many messages, the router is likely
to take a long time to route all the messages, especially if the machine does not have hardware
to assist in handling collisions. We would prefer to have each processor send (receive) only
as many messages as necessary to give it the average load. Computing this message pattern,
however, would require much more work than a single parallel prefix computation followed by
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a local computation.

In this section, we investigate a strategy for general load balancing that uses only local
information. To determine where to send each task, the above global strategy performs a
parallel prefix computation which requires O(lg n) time! on an n-processor machine. The local
strategy uses O(lgn) very simple one-wire communications.

For any distribution of computations on a hypercube, we can balance the load by proceeding
through each dimension in turn and balancing the load between neighbors in that dimension.
Thus during each communication phase, which we call an ezchange, a subcube of half the
machine size is communicating to the rest of the machine which is also a subcube of half the
machine size. Logically, data is transferred first across halves of the machine, then simulta-
neously across halves of two half-sized subcubes, and so on. This type of communication is
sometimes called cube swapping.

If tasks can be divided infinitely, then one pass, consisting of an exchange across each of the
lg n dimensions in turn, distributes work perfectly. Thus if processor i has w; tasks. then after
balancing, each of the n processors has exactly the average number of tasks: (3, w,)/n. To see
this, suppose that exactly one processor p has w tasks and all other proce: ors have none. After
processor p exchanges across dimension 1 with its 1st-dimensional neighbor, the two processors
have w/2 tasks. After exchanges across the first : dimensions, all 2! processors in the subcube
with identifiers matching p in the last lgn — ¢ bits have exactly w/2' tasks. After processing
all dimensions, all processors have exactly w/n processors. Thus the work from processor p
has been exactly balanced across the whole machine. Using superposition, the work from each
processor is exactly balanced across the whole machine and thus each processor ends up with the
average number of tasks. Of course, in practice, instead of having each processor send half its
work to its neighbor on each exchange, as implied by superposition, the two neighbors compare
work and send tasks from the more heavily loaded to the less heavily loaded. Interestingly. if
we exclude even one dimension, the processors can be balanced arbitrarily badly.

Cybenko [32] calls this technique the dimension-ezchange method and he proves that it is
superior to a diffusion method where each processor averages the work among all neighbors
on each step. He expresses the work load as a vector of length n and analyses the matrx
that appears in the recurrence relation for iteratively updating the work vector. For example,
he formally proves using these matrices that the dimension-exchange method provides perfect
balancing. The optimal linear diffusion method, however, only brings the work vector e? times
closer to the uniform distribution after g7 iterations, where distance between work vectors is
the standard Euclidean norm. Thus the diffusion method does not provide as good a balance
as the dimension-exchange method even though it requires more work. Each processor commu-
nicates with all Ign neighbors during each of the Ig n iterations of the diffusion method, while
each processor communicates with only one neighbor during each of the lgn exchanges.

Cybenko also proves that the dimension-exchange method is superior to the diffusion method
if after each exchange some work is completed and more work is independently randomly gen-
erated. Both methods converge toward the uniform distribution, but the dimension-exchange
method has a variance that is a lgn factor smaller than the diffusion method. This result is a
further justification of the use of the dimension-exchange method in the implementation of the

1This assumes the EREW PRAM model. In the scan model, a parallel prefix is counted as a unit-time
primitive.
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vector-matrix primitives discussed earlier and it motivates further investigation of the method.
We will not, however, consider the case of randomly generated additional work because we are
primarily interested in data-parallel architectures. In such architectures, when each processor
is simulating the work of many others, the tasks to be computed in each round are indepen-
dent. Therefore it doesn’t matter which processor completes which task, and we can consider
load balancing. Determining the active tasks for the next round, however, generally requires
information from the preceding computation and/or information from the original processor.
Furthermore, because in a data-parallel architecture all processors execute the same instruc-
tion on any given cycle, we cannot start computing tasks for the next round unless that round
requires the same operation as the current one.

Cybenko’s analysis allows tasks to be infinitely divisible. In this section, we consider the
case where computations are indivisible, as they are in practice when the tasks are primitive
operations. In this case, after processing dimension i, ith-dimensional neighbors have an equal
number of tasks to within one. We examine strategies for distribution of the extra task in the
case where the sum of tasks held by two neighbors is odd. We define the ezcess of a processor
to be the difference between the number of tasks actually held at some point in the balancing
process and the number that processor would hold if tasks were infinitely divisible. The excess of
a subcube is the sum of the excesses of the processors in the subcube. By this definition, excess
can be negative which implies a deficit. We analyze the worst-case excess of any processor.
In particular we show that after a single pass, the processor with the most elements has an
excess of O(lgn). That is, it has @(lgn) elements over the average, where n is the number of
processors in the hypercube.

In section 4.0.1 we show that we can achieve lgn/2 as an upper bound on the worst-case
excess using any strategy for dealing with extra tasks. If we choose to send extra tasks to the
processor whose identifier has even parity, (i.e., an even number of 1’s in the bit representation),
then we achieve lgn/4 as an upper bound to within a small additive constant.

In section 4.0.2 we show that for any strategy for distributing extra tasks. there exists
some distribution of work such that after load balancing, the worst-case processor has an ex-
cess of (lgn). We present a lower-bound proof which suffices for any deterministic oblivious
dimension-exchange strategy that divides work evenly (within one). The term oblivious in the
routing context means that processors make strictly local decisions, with no global knowledge
of message distribution. In this context, we mean that not only do two processors use no global
information when dividing work. but also they use no information about earlier phases of the
load balancing. We explain why we do not feel that the latter is a serious limitation.

Finally, in section 4.0.3 we consider the benefits of reduced load vs. the added message
complexity of the load-reduction process, an issue that Cybenko does not address. In particular
we show that there is a distribution of work which requires Q(wlgn) messages to achieve a
reduction is worst-case load of O(w).

4.0.1 Upper Bounds

In this section we analyze the worst possible excess any processor can have after one pass of
dimension-exchange load balancing. We assume that exchanges divide work evenly (within 1)
among the communicating neighbors, and consider the problem of choosing how to distribute
the extra task when there is one. We show that no strategy for distributing extra tasks can
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yield an excess greater than lgn/2 in any processor. We also show that by choosing to give any
extra tasks to the neighbor whose identifier has even parity,

greater than Ign/4 to within an additive constant.

We begin by defining some terminology used to ease the exposition. We call a communicating
pair of processors even (odd) if the sum of the tasks held by the two processors is even (odd).
We define the level-k subcubes of an n-processor hypercube, for k = 1,2,... lgn, as the 2*
subcubes of size n/2* formed by grouping processors whose identifiers match in the first k bits.
We use the k-bit prefix to distinguish among the level-k subcubes. Thus, for example, the ~11-
subcube” is a level-2 subcube containing all the processors whose identifiers have 11 as the first
two bits. In the following discussion, we sometimes refer to the the bits in the bit-representation
of a processor’s identifier as simply the “processor’s bits”. Since we are concerned only with
the number of units of data transmitted, and have no reason to examine the individual bits of
data, the terminology should not cause confusion.

We now look at the effect of one exchange upon a pair of communicating processors. Suppose
processors Py and P, are ith-dimensional neighbors and suppose that before the ith exchange,
processor F; holds w; tasks giving it an excess of e; for j = 1,2. If the pair is even. then after
the ith exchange, processors P, and P; each hold exactly (w; + w;)/2 tasks and each has an
excess of (e; + €2)/2. Thus even pairs never create excess beyond what is already there. If the
pair is odd, however, then after the exchange, one processor holds [(w;, + w; )/2] tasks, giving
1t an excess of (e; + ez +1)/2, and the other holds |(w; + w;)/2) tasks, giving it an excess of
(e1 + ez — 1)/2.

We now consider the load-balancing process in terms of higher-level cube swapping. When
performing the dimension-exchange load balancing on an n-processor hypercube. the first ex-
change causes a flow of data between the two n/2-processor level-1 subcubes. One can think of
a plane cutting the hypercube in half. The n/2 wires that cross the plane form the communica-
tion boundary. We say the boundary has size n/2. Processors with leading bit 1 are on one side,
and those with leading bit 0 are on the other. After this exchange, no additional communication
occurs between these two subcubes. Because all remaining exchanges move data within these
subcubes, the excess each subcube holds at the end is exactly the excess obtained during the
first exchange.

‘ We can think of the two subcubes as being disconnected after the exchange. and we can apply
the above arguments recursively. During the ith exchange, we once again have n/2 processor
pairs communicating, but logically data now flows between 2'~! pairs of level-i subcubes. Two
subcubes communicate during the ith exchange if they contain processors whose identifiers
match in the first : — 1 bits. The subcubes communicate across a boundary of size n/2' —
those with ith bit 1 on one side, and those with ith bit 0 on the other. Once again. any excess
sent to one side or the other is irreparably stuck within the given subcube for the remainder of
the load balancing process. The final exchange is logically among n/2 “disconnected™ pairs.

From the above discussion, we see that for a communication between two subcubes, the
worst-case excess occurs when each pair of processors on the boundary is odd and each sends
its excess task to the same side of the boundary. We now show that even if the worst-case
balancing occurs at each exchange, no processor has an excess of more than lgn/2 after the
lg nth (final) exchange.

Let E(k) be the maximum excess of any level-k subcube after the kth exchange. The worst
case on the first exchange occurs when all n/2 pairs of communicating processors are odd and

no processor can have an excess
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all send their extra task to side 1, without loss of generality. In this case, since each side
should have received half of the extra n/2 to achieve perfect balance, side 1 has an excess of
E(1) = n/4 and side 0 has an excess of —n/4. Next we focus on the l-subcube and consider
the exchange across the 2nd dimension. If we once again assume the worst case, then all of the
n/4 processor pairs on the boundary between the appropriate level-2 subcubes are odd and all
send their extra to side 1, (i.e., to the subcube with leading bits 11), without loss of generality.
The 1-subcube had an excess of n/4 after the first exchange, so each of its level-2 subcubes
inherits half of that excess, or n/8. In addition, the bad split on the second exchange gives the
11-subcube an excess of half the boundary size, or n/8, using the above arguments. Thus we
have E(2) = n/8 + n/8 = n/4. In general we have the following recurrence, if the worst case
occurs at each level:

E(k-1) n
E(k) = 2 +-2l:+l

E(0) = 0.

The second term of the sum in the first equation is equal to half the size of the boundary
between subcubes communicating during the (k + 1)st exchange. Because excess is defined as
a rational quantity, the recurrence is exact.

We now solve the recurrence to show that no processor has excess greater than Ign/2.

Lemma 7 E(lgn) =I1gn/2.

Proof. We begin by showing that the solution to the recurrence is

kn
and then substitute k = Ign to achieve the desired upper bound.
We prove equation 4.1 by induction. Substituting k& = 0 into equation 4.1. we have that
E(0) = 0 as required. _ ‘
Assume that for all j < k we have E(j) = jn/2+!. We have from the recurrence relation
that

E(k-1) n
E(k) = 5 + AT
Substituting for E(k — 1) using the induction hypothesis we have
(k- 1)n n
E(k) = oE+1 + 2E+1
kn
= EH'T

which completes the induction.
Substituting k = Ig n into equation 4.1 yields

nlgn

lgn+1

nign
2n

= lgn/2

E(lgn) =




[#1)

which completes the proof. |

We now analyze a specific strategy for assigning extra tasks: whenever a pair of communi-
cating processors is odd, assign the extra task to the processor whose identifier has even parity.
By the definition of a hypercube given in section 1.2, two processors are neighbors if and only
the bit representation of their identifiers differs in exactly one bit. Therefore, for any pair of
neighboring processors, one has an identifier with even parity (an even number of 1's), and the
other has an identifier with odd parity (an odd number of 1’s). Furthermore, a hypercube with
n processors has n /2 processors with even parity and n/2 processors with odd parity. Therefore,
when we look at all the pairs communicating across the boundary between two subcubes, half
the pairs will send any excess to the 1 side and half the pairs will send any excess to the 0 side.

Let us consider the worst-case exchange among two subcubes using this strategy for assigning
extra tasks. It is not the same configuration as above because if all processor pairs on the
boundary are odd, then half the extra tasks will go to each side, yielding a perfect split for
this level. The worst case is achieved when all pairs which send excess to side 1 are odd and
all pairs which send excess to side 0 are even. After the first exchange, the worst-case level-1
subcube has an excess of n/8, since it received n/4 more tasks than the other. Using the same
arguments as we used above we see that the recurrence is exactly the same except that the
excess added on each level is half what it was before:

E(k-1) n

7 T

E(k)
E0) = 0.

The recurrence is valid only through the first jgn — 1 exchanges since on the last (lgnth)
exchange, the boundary is less than 2. Thus for completeness’ sake we add

E(lgn) = E(lgn - 1)/2 + 1/2.

Using the same arguments as used in the proof of lemma 7, we see that E{k) = knj2k+2.
Substituting k = Ign — 1 yields E(lgn — 1) = 1gn/2 — 1/2, and substituting this into the final
clause of the recurrence yields E(lgn) = Ign/4 + 1/4. Therefore this strategy never leaves any
processor with more than lgn/4 + 1/4 excess regardless of the initial work distribution.

4.0.2 Lower Bounds

In this section we show that for any strategy for distributing extra tasks, there exists some
distribution of work such that after load balancing, the worst-case processor has an excess
of Q(lgn). We present a lower-bound proof which suffices for any deterministic oblivious
dimension-exchange strategy that divides work evenly (within one). By “oblivious” we mean
that when assigning extra tasks, two processors use no global information about the work
distribution and no information about earlier phases of the load balancing. .

We place the first restriction because the dimension-exchange method is inherently a loca.m.l
strategy, and comparing its balancing performance against that of a global strategy is unfair
unless one considers all the costs involved. If processors have full global knowledge, then thgy
can simply ship the data to the optimal location, but the cost of acquiring that‘knowledge is
substantial. As explained in the introduction to this section, limiting an algorithm to local
information greatly simplifies its communication pattern. For example, we do not need a
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router or the complicated wire manipulations required for a parallel prefix computation. For
1. utivation’s sake, one can assume that we are operating on a machine without a router, for
example.

The second restriction — no information about earlier phases of the computation — is
not a serious limitation. As we explained in section 4.0.1, once two subcubes have exchanged
information and data, they are essentially disconnected for the remainder of the algorithm.
Thus any information acquired by a processor p during earlier exchanges is pertinent only to
processors from which p is now disconnected, and it cannot affect the quality of any future
balancing decisions. This information can at best act as a random bit, and *herefore it cannot
improve the worst-case scenario for any task-division strategy.

The algorithms we consider can be thought of as functions of the form A(p1,p2. wy, Wwo, 1),
where the p; are processor identifiers, and w; is the number of tasks in processor p, before the
ith exchange. As explained in section 4.0.1, whenever a communicating processor pair is even.
the number of tasks is divided perfectly. We can think of algorithm A as an arbitrator which
is called upon to assign extra tasks when necessary. Therefore, the function A is used only in
the case where p; and p; are ith-dimensional neighbors and w; + w, is odd. For these cases,
algorithm A should output a 1 or a 0, indicating the extra task should go to the processor
whose ith bit is 1 or 0 respectively. This corresponds to indicating one of the communicating
level-i subcubes.

We now show that for any such algorithm A, there exists an initial distribution of tasks in
the n-processor hypercube such that after dimension-exchange load balancing with algorithm A
as arbitrator, some processor has excess Q(lgn). The idea is to cause a bad split on exchange ¢
within the worst-case level-(i—1) subcube. One of its two level-i subcubes acquires an additional
excess proportional to the boundary of the communicating subcubes, and thus proportional to
the size of the subcube itself. More precisely, two subcubes of size b(i) = n/2' communicate
across a boundary of size b(i) and one of them acquires an additional excess of b(i)/16. We
can express the final excess in the worst-case processor by solving a recurrence similar to those
solved in section 4.0.1.

We find the bad initial distribution by working backwards. The input to a level-i subcube
is a vector indicating the number of tasks held by each of its processors after the ith exchange
(i.e., just before its two halves communicate). For each level-i subcube, we find constraints on
its inputs which force bad splitting on levels i + 1,i + 2,...,lgn — 3 within that subcube. That
is, if the constraints are met at at level-i, then one of the level-(i + 1) subcubes H will receive
excess proportional to b(i + 1), one of subcube H’s level-(i + 2) subcubes will receive excess
proportional to b(i + 2), and so on until a “large” amount of excess is driven into a constant-size
subcube.

After forming constraints for all level-i subcubes, we then pair the level-i subcubes which
communicate on the ith exchange. Two communicating level-i subcubes form the 1 side and
0 side of a level-(i — 1) subcube. Then we find constraints on the inputs to each level-(i — 1)
subcube such that

1. 1/8th of the processor pairs that communicate on the ith exchange are odd and favor the
same side (0 or 1),

2. the rest of the pairs are even, and

3. the input constraints of the level-i subcube that acquires the excess are met.




These new constraints on the level-(i + 1) subcubes, if met, now force bad splits on levels
i+ 1,...,lgn - 3.

We now describe how to form the constraints. There are three types. The first is of the form
Zpi = k, where z;,; denotes the input to processor p (number of tasks) before the ith exchange
and k is a fixed value. These constraints, called force constraints, are used to force the inputs to
pairs that we wish to be odd favoring a certain side. The second type of constraint is of the form
Zpi + Ypi = k, where y,; denotes the input to processor p’s ith-dimensional neighbor before
the ith exchange. Thus if processor p’ is the ith-dimensional neighbor of processor p, then we
have z,/; = yp. by definition. These constraints, called sum constraints, are used to meet force
constraints on level i + 1. The third type of constraint is of the form z,,; > i, and there is such
a constraint for all p and all i. We add these min-size constraints as a convenience. Without
them, when we choose values for the variables in sum constraints, if one of the addends, say
Tp., is very small, then we are extremely limited in our choices for inputs to processor p in
the exchanges preceding the ith. We meet the min-size constraints at each level by careful
construction of the force and sum constraints.

We begin our search for a bad initial distribution, for some algorithm A, by choosing con-
straints on the inputs to each of the n/16 level-(Ig n ~ 4) subcubes of size 16. On the (lgn - 3)rd
exchange, we have subcubes of size b(ign — 3) = 8 communicating: the 1 side and 0 side of each
level-(1g n — 4) subcube. Looking at one such subcube, we pick any one pair of communicating
processors, say processor p and its neighbor, to be odd. We then add the constraints

Ipign-3 = lgn-3
ign - 2.

Yplgn-3

These choices for inputs makes the pair odd and meets the min-size constraints. All remaining
pairs must be even, so for all other communicating pairs in the subcube, we add the constraint

Zpign-3 + Yplgn-3 = 2(15 n- 2)‘

We chose the value of the sum to allow a little flexibility in meeting the constraint on the next
(earlier) level. Finally we have the 16 min-size constraints of form

Ip“ Z lgn - 3.

If all these constraints are met, one of the subcubes will get an additional excess of 1/16th the
boundary, since 1/8th of the pairs on the boundary (in this case 1 such pair) are odd and they
all send the extra to that subcube. The even pairs create no additional excess.

In general, the constraints for the level-(i — 1) subcubes come from forcing a bad split for
level i across a boundary of size b(i) and meeting the input constraints for the subcube that
receives the excess. They are of the following form:

z,, = k(zpi) [b(i)/4 force constraints)
Tpi+ Ypa = 2k(zpi) ([76(1)/8 sum constraints]
Ipi 2 1 [26(i) min-size constraints]

The notation k(z,;) denotes a fixed value (not a variable), but it is different for each con'strajnt.
Before showing how to find constraints for a level-(i — 2) subcube given. constraints for
both of its level-(i — 1) subcubes, we first look more closely at the relationships between the
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variables z,; across different levels i. Figure 4-1(a) illustrates level by level which processors
affect the final load in processor 111 of an 8-processor hypercube. In fact, the same tree applies
to processor 110. The numbers in the tree nodes represent processor identifiers. The load. after
the ith exchange, of a processor at height i (where the leaves are height 0) is determined by the
load of its two sons prior to the ith exchange. On exchange i, a processor p is affected by its ith-
dimensional neighbor ¢q. For example, the final load at processor 111 (after the third exchange)
is determined by the load in processors 111 and 110 after the second exchange. Figure 4-1(b)
focuses on a level-(i + 1) variable, representing the load at processor p prior to the (1 + 1)st
exchange, and shows the variables that affect it from the previous two levels. We will refer to
these variables in the following discussion.

First we handle the b(i)/4 force constraints of the form z,; = k(zp,). Referring to figure 4-
1, we see that the value of variable z,; is determined by the values of the two variables z,,-,
and yp—1. That is, the load of processor p after the (i — 1)st exchange is determined by its
load and its (i — 1)st-dimensional neighbor’s load before the exchange. If the pair is even, then
the load is evenly split and algorithm A is not called. Therefore we can guarantee the value of
processor p after the (i — 1)st exchange by adding the cons:. :int

Zpi-1 + Ypi-1 = 2k(=p,i)-

Once we have decided which of the level-(i — 1) subcubes (0 or 1) to favor, then we can easily
meet the b(i)/4 = b(i — 1)/8 force constraints by forming the appropriate b(i — 1)/8 sum
constraints for the level-(i — 1) variables.

Now we try to cause a bad split across the boundary of size b(: — 1) = 2b(i). The sum
constraints offer some flexibility and therefore we can meet them while still causing a bad split.
Suppose that we have a sum constraint C of the form z,; + 24, = 2k(Zp,i+1) from the 1 subcube.
This sum constraint forces the variable zp 41, representing the load of processor p prior to the
i 4 lst exchange, to be is exactly k(zp,i41). Therefore, because of the min-size constraints on
all variables, we have that k(zp41) > i + 1. Let us assume equality since this assumption is
the most restrictive. Thus the constraint becomes

Tpi+ Tqi = 21+ 1)
= 2142

Therefore, bearing in mind the min-size constraints on zp, and z,,, we have at least three
choices of values for the ordered pair (z,,Z,,), namely (i,i+2), (i + 1,1+ 1), and (& + 2.3).

Referring to figure 4-1(b), we see that there are two pairs of level-(i — 1) variables that affect
the addends: (Zpi-1,Yp.i-1) and (Zq,i-1.Yq,i-1). We can allow one of these pairs to be odd. thus
affecting the split at level i — 1, and then make the other pair even to meet the sum constraint
C. For example, suppose we force (Zpi-1,¥pi-1) = (4,8 - 1), using the force constraints

Ipi-1 = d

Ypi-1 = - 1.
Then the pair is odd and the favored side receives i tasks. If algorithm A favors side 1, as we
hope, then we have variable z,, = i. Therefore, we have z,, = i + 2 from the legal ordered

pairs listed above, which we assure by adding the constraint

Tqi-1 + Yqi-1 = 2(! + 2)




Figure 4-1: (a) By following this tree from the root down to the leaves, we trace the affect each
processor has on the final load at processor 111. Nodes are labeled with processor identifiers.
Processors at height i affect their parents on the i + 1st exchange. (b) We generalize two levels
of the tree of (a) to show the relationships between the variables used to set input constraints.
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We started the above process by listing all legal values for the ordered pair (r,,.1,,). Then
we forced the value of two level-(z — 1) variables. We say a pair of such forcing constraints

Ip.:—l = k

yp.l—l = |

is conditionally sufficient if k 4 | is odd and there exists some j such that ([(k + [)/2] .j)1s an
ordered pair in our list. An analogous definition applies to forcing constraints on the pair of
variables (zq,_1,yg4-1). We say these constraints are only conditionally sufficient because we
meet the sum constraint and split in the correct direction only if algorithm A makes the choice
we want.

Making sure that we meet the min-size constraints on the level-(i — 1) variables. we can
list 24 sets of conditionally sufficient forcing constraints . If the min-size constraint on variable
I,.4+1 is not tight, then we have even more choices. If algorithm A4 chooses side 1 for any of the
24 processor-input tuples we list, then we can meet constraint C while contributing to a bad
split at level ¢ — 1. There is always the possibility, however, that algorithm A chooses side 0 for
all possible choices of conditionally sufficient forcing constraints.

We now argue that we can always meet b(i — 1)/8 sum constraints in this manner for at
least one of the sides, thus forcing b(i — 1)/8 more tasks to that side. First we once again delve
into the structure of the dimension-exchange method's communication pattern. Let pg, p;. p.
and p3 be four processors whose bits all match except in the (i — 1)st and ith bits. We call such
a set of processors a quad. They form a 2-dimensional subcube as illustrated in figure 4-2(a).
Pairs (pp.p2) and (p;,p3) communicate on the (i — 1)st exchange, with the first processor of
each pair on the 0 side of the communication boundary and the second processor on the 1 side.
Then pair (pg.p1) within the side-0 level-1 subcube and pair (p;,p3) within the side-1 level-
subcube communicate on the ith exchange. Figure 1-2(b) illustrates the dependencies among
the variables representing the inputs to these processors at levels i — 1 and t. We see that the
inputs to both pairs that communicate on the ith exchange — one on the 0 side and one on the
1 side — are determined exclusively by the inputs to the quad at level : — 1. We call such pairs
quad mates.

We now show that if both quad mates are involved in a sum constraint, then the sum
constraint for at least one of the quad mates can be me: while forcing an extra task to its side of
the communication boundary. Suppose we have a sum constraint Co on the inputs to processors
po and p; before the ith exchange. We wish to meet this constraint while causing a bad split
into the side-0 subcube on the (i— 1)st exchange. According to the method described above. we
manipulate the quad (po.p1.p2,p3), finding all conditionally sufficient forcing constraints. If we
have a sum constraint C; on the inputs to processors p; and p3 at level i, then we manipulate
the same quad in the same manner. Because the fixed values (right-hand side) of constraints Co
and C; can differ, we may have different conditionally sufficient forcing constraints, depending
upon which of constraints Cy and C, we are trying to meet. Looking back at the above
description of the method, however, we see that there is always a legal way, relative to all the
side-0 constraints, to set the input to processor po to 1, and similarly for processor p; on side
1. Thus, the constraints z,,_y) =t and I,, (.1 = — | are conditionally sufficient for both
constraint Co and constraint Cy. Therefore, regardless of the choice algorithm A makes, we can
meet constraint C, for side j with an extra task going to side j for either j=0o0r) = 1.




31

i1 | Vi

Figure 4-2: (a) A quadis a 2-dimensional hypercube consisting of four processors who match in
all bits except the (i —1)st and ith. These bits are shown within the circles. Pairs communicate
along the dashed lines during the (i — 1)st exchange and along the solid lines during the ith
exchange. (b) The dependencies of the variables representing the load at the processors P
during the (¢ — 1)st and ith exchange. Sons determine the value of their parent. The load of
each processor in the quad after the ith exchange (the root of each tree) is determined by the
loads of all processors in the quad prior to the (i ~ 1)st exchange (the leaves).
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We now complete the argument that we can meet b(i — 1)/8 sum constraint for one side
in such a way that that side receives b(i — 1)/8 extra tasks. We first count the number of
quads where both quad mates are involved in a sum constraint. In general, we notice that
by construction of the constraints for the level-(i — 1) subcubes, if a pair of processors p and
q communicate on exchange i, then either both variables I, and z,4, are forced, or they are
addends of a sum. Suppose we are given constraints for the two level-(i — 1) subcubes. (i.e..
constraints on the values of processors in two communicating subcubes before the ith exchange).
Each side has 7b(:)/8 = 7b(i — 1)/16 sum constraints and b(i)/4 = b(i — 1)/8 force constraints.
In the worst case, each pair of forces is a quad mate to a sum. In this case there are still

Th(i~1) bi~1) 5b(i—1)
16 8 16

sets of quad mates which are both sum constraints. For each of these sets, we can satisfy the

sum constraints for one side while forcing an extra task to that side. Of the 56(i — 1)/16 such
sets, at least half, or

Sb(i-1) b(i-1)
32~ 8
satisfy the same side, which completes the proof of the claim.

Now we describe how to form constraints for a level-(i — 2) subcube given constraints for
its two level-(¢ — 1) subcubes. We begin by looking at all sets of quad mates which are both
sum constraints. We form constraints for (i — 1)/8 of the quads such that the constraints for
one side (side 1 without loss of generality) are met and an extra task is sent to that side. This
is always possible as proved above. This process gives us b(i — 1)/4 force constraints (two for
each quad) and b(: — 1)/8 sum constraints (one for each quad). Now we proceed to meet the
rest of the constraints for side 1, using even pairs so the imbalance is maintained. ‘e meet
each of the b(¢)/4 = b(i — 1)/8 force constraints for side 1 using one sum constraint as described
in the beginning of this discussion. Finally, the 7b(: — 1)/16 — b(z ~ 1)/8 = 5b(z — 1)/16 sum
vonstraints that are not used to force a bad split can be met with two new sum constraints.
Moce specificaily a sum constraint of the form z,; + £, = 2k(Zp,i+1) is met with the constraints

Tpi-1 + Ypi-1 = 2k(zp.l+l)

Iq.x—l+yq.l—l = Qk(zp.ﬂbl)

Thus we have a total of b(i — 1)/4 force constraints and b(: — 1){1/8 +1/8+10/16] = 7b(: —1)/38
sum constraints, completing the induction on the number of each type of constraint. We also
have ensured that side 1 gets an additional excess of b(i — 1)/8 on the (i — 1)st exchange, and
we have met all the input constraints to that side. Therefore, the new constraints guarantee a
bad split from level (i — 1) to the end as we intended.

We continue forming constraints for earlier and earlier levels until finally we have one set
of constraints for variables of the form z,;. These are constraints on the initial distribution
of tasks. If we meet these constraints, then there is a bad split on every level down to a
constant-size subcube. The n/16 force constraints are easy. We simply set the initial number
of tasks for these processors to the required value. Now we consider one of the sum constra.u'lts
Ip1 + 41 = 2k. We can simply use the same arguments we used ear}ier. The constrau‘\t
forces z,, = k and therefore, by the min-size constraint on the level-2 variable, we have k > 2.
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Therefore we can set z,, = 1 and 7, = k — 1. Therefore we can find an initial distribution
that forces bad splits on each level.

Using the same arguments as those used in section 4.0.1, we see that the worst-case excess
for any level-k subcube after the kth exchange is given by the following recurrence:

Ek-1) n

E(k) = 2 + 2k+4

E0) = 0.

This recurrence is valid up to k = Ign — 3. Solving the recurrence, we have E(k) = kn 2%+,
and substituting k = lgn — 3 yields E(lgn - 3) = lgn/2 — 3/2. This is the excess in the
worst-case subcube of size 8. If the load is distributed perfectly from this point on, then each
processor in the subcube ends up with excess lgn/16 — 3/16. Thus for any algorithm A we
can find a distribution of tasks to processors such that dimension-exchange load balancing with
algorithm A as arbitrator causes at least one processor to have Q(lgn) excess.

We comment that the initial distribution we construct assigns only a bounded number of
tasks to each processor. In practice real machines have only a bounded amount of memory per
processor, and therefore each processor can only simulate a bounded number of other processors.
Thus our lower bound is achieved with a realistic task distribution.

4.0.3 Message Complexity

In this section, we discuss the number of data messages sent during the dimension-exchange
load balancing method. We show that the message complexity can be quite high compared to
the reduction in the worst-case load.

In a data-parallel architecture, the amount of time required to complete an operation is
limited by the maximum number of computations performed by any processor. Thus we would
like to reduce this global marimum load, and as we saw in section 4.0.1, the dimension-exchange
load balancing algorithm does this as well as possible to within an additive Ig n factor.

Load reduction is not the whole story, however. When we execute the load balancing
algorithm on a data parallel architecture, the number of data messages on each exchange is equal
to the maximum number of messages sent between any two communicating processors. Thus
the performance of the load-balancing algorithm on a given distribution D is more appropriately
measured by the message rate which is defined as follows. Let M (D) be the number of data
messages sent during the execution of the load-balancing algorithm on distribution D, and let
R(D) be the reduction in the global maximum load. Then the message rateis M(D)/R(D). It
corresponds to the average number of messages sent to achieve a reduction of 1 in the global
maximum load. For example, as we saw in section 3.3.1, the implementation of the extract
primitive (dimension-exchange load balancing applied to a special distribution) has the optimal
message rate of 1. If an initial distribution has message rate k, then load balancing is effective
for that distribution only if a given machine can scnd a piece of data at least k times faster
than it can compute in place.

We now describe a load distribution that has a message rate of ((lgn) on an n-processor
hypercube. Let by,b,,....bign be the bit representation of a processor’s identifier and w bg any
even integer. If b; is the last 1 in the representation, then assign the processor w tasks if bit
bi—1 = 1 and 0 tasks if bit b;—; = 0. For example, if the bit representation is 101100, then the
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last 1 is in the 4th position. The preceding bit b3 is equal to 1 and therefore the processor is
assigned w tasks. If we have b, = 0 for all j > 1, then technically bit b,_; doesn't exist. We
assign w/2 tasks to the two such processors.

We start with a distribution for which no processor has more than w tasks. An exchange
between two processors, each holding no more than w tasks, cannot leave either processor with
more than w tasks. Therefore, throughout the execution of the load balancing algorithm, the
worst-case message count on any exchange is w/2 messages, caused by communication between
a processor with w tasks and a processor with 0 tasks.

We now argue that when the load balancing algorithm is executed on the above distribution,
each of the first lgn — 1 exchanges requires the worst-case w/2 messages. It suffices to show
that before the ith exchange, the processor P; with identifier

00...01100...0
e’ v oo’
-1 Ign-i-1

has exactly w tasks and the processor @; with identifier

00...0100...0
N N e
t Ign=1-1

is empty. These two processors are ith-dimensional neighbors, so on the :th exchange processor
P; sends exactly w/?2 tasks to the empty processor ;.

We now argue that processor P; has exactly w tasks just before the ith exchange. First we
look at which processors directly or indirectly communicate with processor £ during the first
i — 1 exchanges. The load of a processor after the ith exchange is affected by the initial load of
each processor that matches its address in the last g n —i bits. These processors form a subcube
of size 2*. For example, in figure 4-1(a), after the first exchange, the load of processor 111 i3
the average of the initial loads of processors 111 and 011. After the second exchange. it is the
average (ignoring integrality constraints for the moment) of the initial loads in processors 111,
011, 011, and 001. Looking at the figure, these are the leaves of the tree rooted at processor
111 at height 2.

After the first i — 1 exchanges, processor P; contains the “average” of the initial load in all
processors that match it in the last lgn — i+ 1 bits, namely two 1's followed by (lgn -- i - 1)
0's. Therefore, by the rule described above to assign initial load to processors, each of these
processors is initially assigned w tasks. Since the first i—1 exchanges pair processors from within
this subcube, after these exchanges no tasks have been moved and each processor, including P,
still has w tasks. An analogous arguement shows that each processor whose identifier matches
that of processor @, in the last lgn — 1+ 1 bits is initially empty, and therefore processor Q, is
empty after the first i — 1 exchanges.

We have just shown that each of the first g n— 1 exchanges requires w/2 messages. Therefore
we have the total message complexity M > w(lgn - 1)/2. .

We now argue that R, the global reduction in maximum load, is at most w/2.. We shgw
that the processor Z, whose identifier is all 0's, has a load of w/2 after load balancing, .whjch
is w/2 less than the original maximum of w. Since its identifier has no 1’s, processor 2 is one
of the two special processors whose initial load is w/2. We now show that its logd remains
unchanged throughout the execution of the load balancing algorithm. On exchange 1. processor
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Z communicates with processor ;- having identifier

00...0100...0.

-1 lgn—
Referring to the preceding discussion, we see that processor @, initially has load 0 and on
exchange i — 1 the load is increased to w/2. Thus before its communication with processor Z
on the ith exchange, both processors have load w/2, and therefore the ith exchange does not
affect the load of processor Z.
Therefore we have shown that the load balancing algorithm running on this initial distribu-
tion has global reduction R < w/2. Therefore we have a message rate of

M/D > w(lgn-1)/2+w/2
= lgn-1,

which is Q(lgn). For this distribution, therefore, it would seem the load balancing procedure
will not be beneficial unless there is a substantial amount of computation to be performed or
each piece of data.

We comment that the message rate as discussed above is for data messages. The load
balancing algorithm always requires exactly Ig n bookkeeping messages, one for each exchange,
so that each processor can determine how many tasks to send.

4.1 Conclusions

In this section we offer some concluding remarks including directions for future research.

We showed in this chapter that the dimension-exchange load balancing method can give
predictably good balancing. The message complexity, however, is harder to describe completely.
For example, what is the average message rate for a random initial distribution? Is there a
better set of distributions over which to take this average? Another question is if a similar
strategy on another architecture such as the butterfly can remove the lgn excess.

The lower bound proof of section 4.0.2 had some restrictions. Of course we would like
to remove some of these restrictions. For example, we would like the bounds to apply to
dimension-exchange strategies which do not necessarily balance evenly on each exchange. The
techniques we used, however, do not easily extend to this case. Intuitively, allowing imbalance
on exchanges should not improve the worst case, but formalizing this intuitic . is difficult. We
also did not formalize our intuition that ignoring information about previous exchanges is not
a serious restriction.




Chapter 5

The Assignment Problem

5.1 In...duction

Network optimization problems appear in several areas of application including operations
research, transportation, engineering design, financial planning and defense. Such problems
are characterized, quite often, by their very large size. Massively parallel computers like the
Connection Machine (CM) appear to be well suited for both sparse and dense implementations
of dual relaxation algorithms for network optimization. In this chapter we summarize recent
experiences with the solution of large scale network optimization problems using the CM. In
particular, we discuss key features of a parallel implementation of Bertsekas’ algorithm for
assignment and present results with numerical experiments. Portions of this chapter represent
joint work with Stavros Zenios of the Wharton School at the University of Pennsylvania.
A network optimization problem is defined as follows:

Minizmize F(z)
subjectto A-z = 0
I<z<u

The constraint matrix A has the special structure of two non-zero entries in every column: a
+1 and a —1. The graph underlying this optimization model can be derived by associating
rows of the constraint matrix with a set of nodes V = {1,2,3,...,n} and columns of A witha
set of directed edges £ = {(i,j)|i,j € V, and some column of A hasa +1 in row : and a -1
in row j}. The model can be written in algebraic form as:

Maximize S fziy)

Y (i.2)€E
subject to Z T, - Z Iy, = 0
(1.7)€E (ks)e€

liJ < Iy, < u,
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There are several standard ways to model the real world using the graph underlying this
mathematical formulation. We can think of the graph as a plumbing network with the nodes
representing joints and the edges representing pipes. Alternatively, we can think of the network
as a system of roads (edges) and junctions (nodes). The variables z,; represent a quantity
called flow, such as the flow of water through pipes or the flow of products over a road system.
The first set of constraints represents conservation of the flows z,; at all nodes 1 € V. That
is, over time the amount of flow into a node is equal to the amount of flow leaving that node.
The second set imposes upper and lower bounds, u,; and I;; respectively, on the flow over each
edge. The upper bounds physically model the capacity of an edge, such as the width of a pipe
or the weight limit of a road.

There are several well-studied special cases of network optimization. In the marimum (maz)
flow problem, there are two special nodes, a source and a sink from which the conservation
constraints are removed. The source can produce excess flow and the sink can absorb excess
flow. We wish to maximize the amount of flow traveling from the source to the sink, subject

to the capacity and conservation constraints in the rest of the network. Thus for this case we
have

1 if i is the source
f(zij) = { 0 otherwise

In the min cost flow problem, we associate with each edge (i,j) a constant cost per unit
flow ¢;;. We wish to find a maximum flow of minimum cost. Thus we have f(z,,) = —¢,;zy;.
We use the lower bounds /;; and negative costs to prevent optimality for the trivial zero flow
where z;; = 0 for all : and ;.

In the assignment problem, also known as mazimum weight bipartite matching, the set of
vertices of the graph V is defined as V = P{JO, where P = {py,p2.p3....pn} and O =
{01,02,03,...00}. Each edge (p,0) in the network connects a p € Ptoanodein o€ 0. A
typical modeling use of this problem is the one-to-one matching of persons from the set P to
objects or tasks in the set O. Later in this chapter we will be referring to the sets P and O
as people and objects respectively. Each edge (i,5) has a weight v;; which indicates the value
of assigning person i to object j. The optimization problem is to choose the assignment that
satisfies Macimizes, 3 ;e vi;%ij. The variable z;; has the value 1 if person i is assigned
to object j and zero otherwise. The assignment problem can be reduced to max flow by giving
each edge (i,7) a capacity u;; = 1, adding a source node s connected to each node p € P via
an edge of capacity 1, and adding a sink node t connected to each node o € O via an edge of
capacity 1. Because the assignment problem is a special case of max flow, however, we can use
an algorithm adapted for the special constraints of the problem.

Researchers have been able to design and implement efficient algorithms for the solution of
extremely large network problems by capitalizing on the special structure of the network basis.
General references on network optimization are Kennington and Helgason [70) and Dembo.
Mulvey and Zenios {34].

The efficiency with which network problems can be solved prompted the modeling of large
and complex systems, such as traffic assignment, air-traffic control, real-time defense §y§tems
or cash-low minagement, that were cons Jered intractable with general purpose optimizers.
Several of these models are envisioned to extend to millions of variables and large time hori-
zons, but unfortunately can not be solved even with network specialized algorithms on large
mainframes. Researchers have been turning to parallel and vector supercomputers as a pos-
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sible way to solve even larger instances of network models. For general references on parallel
Fptiim'zation, including papers on network problems, see Meyer and Zenios [87) and Zenios
129].

In this chapter we report on the implementation of network optimization algorithms on
the Connection Machine (CM-2) hypercube multiprocessor. We now summarize recent expe-
riences with flow algorithms and then in the remainder of the chapter we discuss in detail an
implementation of Bertsekas’ algorithm for the assignment problem.

Goldberg’s algorithms for max flow and min cost flow are well-suited for the Connection Ma-
chine architecture because the inner loop can be computed with segmented scans and collision-
free communication. Goldberg [49] reports encouraging preliminary experience with his max
flow implementation on the Connection Machine. An implementation of his min-cost flow al-
gorithm on the Connection Machine has not been tested or tuned enough to allow commentary
other than to say that it suffers from a long sequential tail at the end of each major iteration.
Small quantities of flow are sequentially pushed around the network until they finally settle
where they belong. We are investigating methods for cutting the tail.

Zenios and Lasken {128] have investigated strictly conver network problems. This subclass
of network problem is the most general that we have discussed, since now the objective function
f need not be constant, but can be any strictly convex function of z;;. They implemented a
relaxation algorithm for these problems propased by Bertsekas, Hossein and Tseng[12]. Bert-
sekas and El Baz (10] and Zenios and Mulvey [130] showed that this algorithm is well suited
for massively parallel computations.

Zenios and Lasken use the sparse network representation described in section 5-1. Each
inner loop requires segmented scans, local computation, and one collision-free communication.
This algorithm was evaluated empirically on both a CM-1 and a CM-2 using two sets of test
problems. One set came from a materials-science application. The other set consisted of large
randomly generated ‘:ansportation problems. The same test problems were solved using an
inherently serial algorithm, the primal truncated Newton of Ahlfeld et al.[4], on a variety of
machines including an IBM 3081-D large mainframe, an IBM 3090-600/VF supercomputer, and
an Alliant FX/8 shared memory vector multiprocessor. On the last two machines significant
effort went into modifying the software to take advantage of both the vector and parallel features
of the hardware. The Connection Machine implementation was competitive with the best
alternative implementation for moderate size problems and it was clearly superior for large
problems. For example, one of the transportation problems with 2500 nodes and 8000 edges
required 1.5 minutes on a vector supercomputer, but less than a second on the Connection
Machine.

In the remainder of this chapter, we discuss the solution of assignment problems on the
Connection Machine. We i™ ;lemented the auction algorithm for salving the assignment prob-
lem due to Bertsekas (11’ (hough a parallel implementation is not provably asymptotically
superior to a sequential one, the algorithm does exhibit heuristic parallel speedup. Section 5.2
discusses sparse and dense representations of network problems. Section 5.3 describes the Bert-
sekas algorithm and its implementation on the Connection Machine. Section 5.4 describes t!le
“sequential tail” phenomenon and some heuristic measures we used to partially overcome it.
Section 5.5 presents the results of our preliminary testing of this implementation. Section 5.6
offers some concluding remarks.
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5.2 Representing Networks on the Connection Machine

In this section we introduce the dense representation of the assignment problems and an al-
ternative sparse implementation used, for example, in the Zenios/Lasken implementation of
nonlinear network optimization. The features of the CM which are relevant to the following
discussion are described in section 1.3. For further details of the architecture of the CM, see
[57] and system documentation.

5.2.1 Representation of Dense Assignment Problems

Other than the simplex linear programming implementation discussed in chapter 3, all CM
network optimization implementations to date have been represented sparsely. Considering the
size of the problems we wish to run, this is a wise choice of representation. For the assignment
problem, however, we use a dense represen ation, in part because we wish to exercise the
architectural features of the Connection Machii.e on dense problems, and in part because we
have a dense problem from a real application upon which to test our implementation.

Because we assume that the input graph is dense, we configured the CM as an n x n NEWS
grid, where n is the number of people or, *quivalently, the number of objects. rounded up to the
closest power of 2. Row i is associated with person ¢ and column j is associated with object
7. In particular, processor (i,j) stores the value v;; of object j to person i. local variables
applicable to person i, and local variables applicable to object ;. The variables used in the
implementation are described in section 5.3.

5.2.2 Representation of Sparse Network Problems

The representation of sparse network problems chosen here is motivated by the operations typ-
ically used in relaxation algorithms for network optimization problems. Processors associated
with a single node are grouped, thus we can use scans to communicate within nodes, bypassing
the router. Communication across edges still requires the router, but it is guaranteed to be
collision free. This data structure was introduced by Blelloch [15] for use in general algorithms
for sparse graphs.

Figure 5-1 shows the representation of a simple undirected network. The array in the figure
represents the processors of the CM in linear order. Every edge in the network is associated
with two processors, one for each endpoint, and the processor for each endpoint holds a pointer
to the processor for the other endpoint. To allow use of segmented scan operations, processors
associated with node i are grouped into contiguous segments. These segments are separated
by heavy lines in the figure. We can represent directed networks in the same manner except
that the pointers need not be bidirectional. If an edge exists from node i to node j but not
in the other direction, then one processor in the segment for node i holds a pointer into the
segment for node j, but there is no return pointer.

Using this representation, all nodes can communicate simultaneously to all adjacenF edges
using segmented scans and collision-free routing. For example, for each node to determ.me thg
maximum identifier of any neig' bor, each processor sends its identifier across the pointer it
holds, and then a segmented max scan within the node segments simultaneously determines
the max for each node.
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Figure 5-1: Representation of Sparse Network Problems. The array represents the CM proces-
sors in linear order. Processors associated with endpoints of an edge point 1o each other. The
heavy lines represent segment boundaries.
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Had we implemented the assignment algorithm using this representation, each edge would
have one processor p; associated with a person p € P and the other processor p; associated
with an object o € O. Both processors p; and p, would hold variables associated with the
edge (p,0). Processor p; would also hold variables associated with person p and processor p,
would hold variables associated with object 0. We would use segmerted linear scans in place of

grid scans and we would use routes whenever the columns of the grid communicate with rows
and vice versa.

5.3 Bertsekas’ Algorithm on the Connection Machine

This section gives a high-level overview of Bertsekas’ algorithm for the assignment problem and
our implementation of the algorithm on the Connection Machine CM-2. Bertsekas {11] proves
the correctness of the algorithm.

Referring to the definition of the assignment problem, we see that in a globally optimal
solution, any given person may not be assigned to the object which is most valuable to him.
For any optimal assignment, however, it is possible to assign to each object j a price =, such
that if each person i views the profit of being assigned to object j as v;; —,, then every person
is assigned to the object that is most profitable. The prices 7 serve as dual variables in the
linear programming sense. An assignment is €-optimal if each person is assigned to an object
that is no more than ¢ less profitable than its most profitable objec:. That is, the person is not
totally happy, but he is only € off his best.

The auction algorithm is performed in waves. We start with ¢ = max,, v, and find an
¢-optimal assignment. This initial value for the parameter ¢ is large enough to guarantee that
any assignment is e-optimal. Keeping the prices 7 generated in the first round. we then halve ¢
and find a new assignment optimal for that €, and so on until € < 1/n, where n is the number
of people. At this point, an e-optimal assignment is globally optimal [11]. In practice. we scale
all values by n + 1 at the start to allow integer calculations throughout.

Each inner loop (finding an e-optimal assignment) can be viewed as an auction where all
cL rently unassigned people bid on their most profitable object, the price of each object is raised
to the highest bid, and each object bid upon is temporarily assigned to the highest bidder.

More precisely, the auction algorithm is implemented as follows:

The Assignment Algorithm

Step 0: Initialize. In particular set up the value of ¢, the error parameter, and scale where
needed.

Step 1: Determine if everyone is assigned. If a person is unassigned, proceed to step 2. If
every person is assigned to an object and € < 1, the algorithm terminates. Otherwise,
if ¢ > 1, reduce its value and unassign everyone whose current assignment is no longer
¢-optimal for the new e.

Step 2: ..cct only processors associated with unassigned people. Using grid scans, witiun
each row find the column index b of the best (most profitable) object and the profit p of
the next best object. Each unassigned person i now bids on his best object & by setting
a variable in processor (i,b) to (ne —p+ ¢]. The bid function has the property that if
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the price of the best object is raised to the bid and person i is assigned that object, the
assignment will be ¢-optimal at the time of the assignment. We can verify the property
by computing the profit to person i of his best object once its price is raised to the bid:

profit(i,b) = v ~m
Vip = Vip+p-€
= p-—¢

If the object with the second best profit p is also bid upon during this phase, then its
profit margin will drop and this person is even closer than ¢ to his best profit margin.

Step 3: Using a max grid-scan within all columns, determine the maximum price bid on each
object and update the prices m within the columns. For all objects bid upon, undo any
previous assignment and assign the object to the highest bidder. Go to step 1.

A few comments about the implementation described above are in order. It is possible
to perform a scan within an axis of a grid and tell each processor within that axis the result
obtained by the last processor. At first it seems one must do a forward scan followed by a
reverse copy scan, but the behavior can be provided by a single scan that requires no more
tinie than an ordinary scan. This is the behavior obtained by using the reduce and distribute
primitives described in chapter 3. Secondly, in determining the winning bid, we concatenate
the row number to the bid during the scan to break ties. Furthermore, with this concatenation
we know both the winning bid and the row number (given by the least significant digits of the
concatenated number). Using similar concatenation, we can find the column number of the
rmost profitable object for each row using a single scan.

5.4 Tails and Tail Cutting

In this section we discuss the parallelism of Bertsekas’ algorithm. We demonstrate the existence
of a sequential tail at the end of each auction round and we discuss heuristic measures we
employed to cut this tail.

The inner loop of each auction round appears highly parallelizable in that all people vying
for objects can compete simultaneously. The Connection Machine performs the inner loopin a
time that is independent of the number of people actively seeking objects. That is, the CM can
update the matrix of values for 1000 active people in the same amount of time it can update
for 2 active people. In terms of work accomplished in unit time, this is a wonderful property if
many people are active most of the time. Because the Connection Machine processors are not
very powerful, however, this property is not so wonderful if few people are active.

At the start of each auction with a new ¢, many people bid simultaneously, but the number
of people bidding decreases monotonically during the auction. Near the end of each wave of
the algorithm (each auction), there is frequently a rather long sequential tail where only a very
small number of people are bidding. For example, we ran 2 1000 x 1000 problem from a military
application. Although up to 1000 people can actively bid on each iteration, for almost 39% of
the iterations only one person bids. Furthermore, for 82% of the iterations at most 10 bid»and
for 96% of the iterations at most 100 bid. Thus for virtually the entire run we use only 10% of
the CM’s capacity, and, in fact, for a vast majority of the time we use only 1%.
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Figure 5-2: (a) A schematic view of the activity pattern of a typical execution of Bertsekas
algorithm. During each auction (the search for an ¢-optimal assignment), the number of active
people decreases monotonically, and each auction ends with a long “tail” where very few people
are active. (b) We improve the running time of the algorithm considerably by cutting the tail
in all but the last auction. The user specifies a parameter k < 1 that tells how much to cut the
first tail. We stop when kn of the n people are matched. We then let each successive auction
run a little longer, until the last which is run to completion.

Because on the first iteration, at least, all 1000 people bid, we conjecture that the activity
pattern of a typical run consists of a series of tails as shown schematically in figure 5-2a. Each
curve represents the number of people active over time during an auction for some ¢. During
each auction the number active decreases monotonically until at the end only a few active
people ~ ultimately only one — remain, and the auction reduces to sequential “bumping”.
That is, the one active person bids an object away from another person, who in turn bids
another object away from someone, and so on until finally the last remaining person bids upon
the one unassigned object. After each auction, the error parameter ¢ is reduced and ali people
whose assignments are no longer ¢-optimal are unassigned, and therefore the number of active
people jumps upward (in an unpredictable fashion).

We use two heuristics for improving performance. First of all, for the special case of only
one person bidding, we can improve the CM performance by substituting global operations for
grid scans and computing on the front end. Secondly, we allow incomplete matchings for early
auctions. More precisely, we allow the user to specify an initial value for a tatl-cutting parameter
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k < 1. For a given value of ¢, the auction round terminates when kn of the people have been
matched. The parameter k increases as ¢ decreases until k = 1 when € < 1. That is, the final
auction is run to completion. If we set & = 1 initially, we are back to the original algorithm.
To assist in fine-tuning the algorithm, we allow the user to specify the amount dec-factor by
which the parameter ¢ is divided in each iteration, thus determining the number of auction
rounds to be performed by the algorithm. The tail-cutting parameter is initially equal to
the user-specified parameter k and is increased uniformly. That is, if there are r rounds of
the algorithm, then on each iteration, the tail-cutting parameter is increased by [(1 — k)/r].
Figure 5-2b shows the tail-cutting procedure schematically. Because each auction in general
starts with an arbitrary number m < n of people matched anyway, this tail-cutting does not
affect the correctness of the algorithm.

Cutting the tail improved the performance of the algorithm dramatically. For example,
solving the 1000 x 1000 military example mentioned earlier using Bertsekas" algorithm without
tail-cutting required about 50 minutes of time on an 8224-processor CM-.2. After choosing
appropriate values for the tail-cutting parameters, the same problem was solved in less than a
minute on the same size machine.

5.5 Experimental Results

In this section we describe the results of running the auction algorithm on test problems of
varying sizes and value ranges. We found that the algorithm was quite sensitive to the choice
of parameters k and dec-factor. We describe the nature of this sensitivity and speculate on
choices that seem to work well in general.

In particular, we will give some evidence to back up the following rules of thumb: If you
know nothing about a problem, try dec-factor = 2, k = 0.90. For problems with small
value ranges, try intermediate values of parameters dec-factor and k, for example values of
dec-factor in the range 4-7 coupled with k = 0.85 or values of dec-factor in the range
8-11 coupled with ¥ = 0.85 or 0.90. For problems with larger value ranges, try low values of
dec-factor such as 2 or 3 coupled with high values of k such as 0.9 and 0.95.

We used the auction algorithm to solve the assignment test problems shown in table 5.1.
The first problem, ASSIGN1, is the military application mentioned in the previous section.
The other problems were created randomly and locally using the Connection Machine random
number generator. All problems are complete (dense), meaning that an edge exists between
each pair of nodes (p,0) with p € P and 0 € O. We ran all the 1000 x 1000 problems on a
16. 418-processor CM-2 running at 6.7 MHz. Problem ASSIGN2, which is 500 x 500, was run
on an 8224-processor CM-2 with the same clock speed.

We remind the reader that the parameter dec-factor is the number by which € is decre-
mented after each auction, and the parameter k specifies how many people will be matched in
the first auction. In an attempt to determine good general values for the parameters, we tried
many values. In general, we ran each problem for the parameters dec-factor= 2.3....,10
and k = 0.65.0.7,....0.95. Some of the problems were run with more values of the parameter
dec-factor, and problem ASSIGN1 was run only for initial values of the tail-cutting parameter
k =0.8,0.85, and 0.9. .

Bertsekas’ analysis of the algorithm guarantees only a worst-case sequenti:?l complex‘lty of
O(nelog(nv)) where n is the number of nodes. e is the number of edges, and v is the maximum
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Dense Assignment Problems
Problem No. Nodes | Value Range
ASSIGN1 | 1000 x 1000 | 1-10
ASSIGN1a | 1000 x 1000 | 0-9
ASSIGN1b | 1000 x 1000 | 0-99
ASSIGN1c { 1000 x 1000 | 0-999
ASSIGN1d | 1000 x 1000 | 0-9999
ASSIGN?2 500 x 500 | 0-999

Table 5.1: We performed the auction algorithm on these complete bipartite graphs. Problem
ASSIGN1 was derived from a military application. The rest of the assignment test problems
were randomly generated. Value range refers to the values v,; of the objects.

absolute value of any v;;. Parallelism offers no asymptotic theoretical improvement. and the
most we can gain heuristically is a factor of n. Thus for unfortunate choices of the parameters,
we could have very long running times. We began with the intent of determining the best values
of the parameters for a given problem. Given the potential for very bad runs, we stopped those
that were clearly inferior to previous runs for the same problem. Qur testing strategy evolved to
a more automated form whereby a run was stopped after the number of bid-making iterations
was twice the number used by the best previous run. By automating the termination procedure.
we were able to obtain the value of the assignment at the time of tei mination, which led us to
ask the following question.

What if we cut the tail in the final auction as well as the earlier ones, and then arbitrarily
assign the remaining people to the remaining objects? The latter step is easy to implement
on the Connection Machine. We simply use the scanning facility to enumerate the remaining
people and objects and then assign the ith remaining person to the ith remaining object. If
an application requires merely a nearly optimal solution, then this procedure can be expected
to save a considerable amount of time, provided that the assignments generated early in the
auction algorithm are good.

We did not investigate this strategy, but the data we gathered incidental to our investigation
of fully optimal assignments offers some insight. For the runs that were terminated early, values
of the partial assignments are consistently good, which is especially encouraging given that

1. we did not arbitrarily complete the assignments, and therefore some unmatched people
contribute nothing to the value of the assignment.

2. we looked only at “bad” values of the parameters, because otherwise the run would not
have been terminated, and

3. the runs could be stopped right at the beginning of a new auction when many people
have just been unassigned.

We first look at the dependence of the algorithm on the degree to which we cut the tail,
reflected in the choice of parameter k. We then look at the dependence upon the number of
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Inner Loop Timings

VP Ratio | CM time
16 .0232
32 .0459
64 .0835

————

Table 5.2: Timings of the scan-based version of the inner loop of the auction algorithm taken
at various virtual-processor ratios. We drew the best line through these points and used it to
estimate the speed-up we can anticipate with a full machine.

auction rounds, reflected in the choice of parameter dec-factor. For the runs that produced
optimal assignments, we look at the time required for solution. For the runs that were termi-
nated early, we look instead at the value of the assignment at the time of termination. Not
surprisingly, they showed the same general dependence.

To allow the comparison of timings made on different size problems on different size ma-
chines, we normalize all the times for a full 63, 792-processor machine. Scaling does not effect
the comparison of runs on the same problem since all such times are changed equally. The key
to the comparison of algorithms run on different size CM’s is the virtual-processor (VP) ratio,
which is the number of processors simulated by each physical processor. Any CM requires about
the same about of time to perform an operation at a given VP ratio regardless of the physical
size of the machine. Larger machines take slightly longer to communicate, since signals must
propagate longer distances, but we will ignore this effect. The 1000 x 1000 problems were run
on a 16,448-processor machine, which requires a VP ratio of 64 : 1. The 500 x 500 problem
was run on an 8224-processor machine which requires a VP ratio of 32: 1. On a full machine
the 1000 x 1000 and 500 x 500 problems require VP ratios of 16 : 1 and 8 : 1 respectively.

To arrive at our estimate of times on a full machine, we timed the inner loop of the auction
algorithm at three different virtual processor ratios. The results are shown in table 5.2. We
then drew the best line through these points and used it to estimate the factor by which the
times would decrease on a full machine. In general on the Connection Machine, times scale
sublinearly with VP ratio, especially at high ratios. We looked at the behavior in the range
of interest and determined that the 1000 x 1000 problems would run about 3.58 times faster
on a full machine and the 500 x 500 problems would run about 3.21 times faster. The timings
were made on the scan-based version of the inner loop. The version that uses global operations
scales more linearly with VP ratio. Because we do not know how many of each kind of iteration
occurred on each run, we chose to be conservative and base the scalings on the scan-based
version.

In the following discussion, all times are the CAM time. The actual running time includes
the time the CM must wait for instructions and/or computations on the front end computer.
As one might expect, the total time is strongly correlated with the CM time. Some variation
is caused by the use of the two different implementations of bidding. Bidding iterations that
use global operations are much faster than the scan-based iterations in both total time and CM
time. The percent of the total time in which the CMis active (percent utilization) decreases,
however, since the CM must now spend much more time synchronizing with and waiting for
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the front end. We chose to use the CM time for comparisons because it is less sensitive to the
choice of front end. Also, once we determined that the computation was real-time on the CM,
we became primarily concerned with the behavior of the algorithm relative to the parameters,
thus comparing the CM to itself rather than to other supercomputers.

In discussing partial-assignment quality, we normalize to percent error {rom optimal. The

percent error was uniformly excellent. For almost all test cases, the error was much less than
one percent.

Table 5.3 summarizes the performance of the algorithm across all test problems. There was
only one setting of the (dec-factor, k) pair which ran to completion on all test cases, namely
(2,0.9). If we know nothing about a problem, these values are a good starting point since with
them the algorithm is likely to terminate in real time. The table reports the CM time for this
setting of the parameters.

The table also reports the best time for each problem, along with the parameter settings
that realized that value. The timings for problems ASSIGN1a-d, illustrate a property of the
algorithm that will be more obvious later in this discussion: the performance of the algorithm
is quite sensitive to the value range of the problem. These problems are all random 1000 x 1000
with value value ranges increasing from 1-10 for ASSIGNla up to 1-10.000 for ASSIGN1d.
We were somewhat surprised to find that problem ASSIGN1d (range 1-10,000) had a best run
that was better than the best run for problem ASSIGN1c (range 1-1000). We believe. however.
that it is not indicative of expected performance, since the other settings of the parameters did
not perform anywhere near as well at the best ones for this problem. This dependence on
value range is not surprising since the initial value of ¢, and therefore the number of auction
rounds, is directly proportional to the maximum v;;. Also, Bertsekas (11] gives an example of
a problem where the number of bidding iterations is directly related to the maximum value.
The degradation in performance with increases in the value range is not as dramatic as those
observed with sequential implementations [11]. As we show later in this section. if we know the
cost range, we may be able to make a wiser choice for the parameters than (2.0.9).

Figure 5-3 illustrates the dependence of running time upon the tail-cutting parameter k.
We show the average times {or problem ASSIGN1a (1000 x 1000, range 1-10) and ASSIGN2
(500 x 500, range 1-1000). The former problem is indicative of the behavior for problems
with small value ranges and the latter is indicative of the behavior for larger ranges. The
average for each k is taken over those values of the dec-factor parameter for which most
runs completed. Taking such an average raises the question of how one deals with the few
runs which did not complete for these “good™ values of dec-factor. If we ignore them, then
we penalize for runs that completed just before the termination. Unfortunately. running time
for the incomplete problems is not always comparable. Rather than monitoring the CM’s use
of time (and possibly affecting that time by trying to watch it), we found it easier to count
iterations. We stopped a run after it had taken twice as many bidding iterations as the best
previous run for that problem. Therefore, the termination criterion evolved as we tested each
problem. The number of allowed iterations dropped until the best set of parameters was run.
For problems with large cost range, the best run was frequently very early and most runs
were cut off after the same number of iterations. For these problems, for the runs that did not
complete, we averaged in the time they ran until automatically terminated. Problem ASSIGN1a
was tested before our automatic cut-off and therefore inferior runs were stopped by hand. For
these runs, we average in 120 seconds, which is just longer than the time required by the worst
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| Best General Parameter Settings |

Problem CM time Best time
df=2,k=0.90 | CM time df/ k

ASSIGN1 30.30 6.97 8/0.85

ASSIGN1a 15.05 4.84 10/0.90

ASSIGN1b 14.78 10.31  2/0.80

ASSIGN1c 62.31 21.30 2/0.95

ASSIGN1d 12.25 11.01  2/0.70

| ASSIGN2 8.02 4.08 5/0.85 |

Table 5.3: An overview of suitable parameters for the solution of our test assignment problems.
The first column gives times for a set of parameters for which our program ran to optimality
for all test cases. CM time is measured in seconds and normalized to a full (64K) machine.
The abbreviation df stands for dec-factor. Notice that the solution time appears to increase

with value range as shown by problems ASSIGN1a-d, all random 1000 x 1000 problems with
increasing value ranges.

completed run. The termination criteria for Problem ASSIGN1 changed too frequently to
allow reasonable comparison, so we did not compute the averages for this problem. Problems
ASSIGN1b, ASSIGN1c, and ASSIGN1d had so few optimal runs that at most one value of
dec-factor finished for a majority of k& values.

For problem ASSIGNla, the curve in figure 5-3 truly reflects the typical behavior across
all values of dec-factor. That is, running times for low values of k are mediocre for most
values of dec-factor. Times improve steadily as k increases until they bottom out at & = 0.85
or k = 0.9. Then they get rapidly worse. For example, for dec-factor = 35, the best time
occurs at k = 0.85 and the runs for & = 0.9,0.95 were stopped. In fact. for all values of
dec-factor except dec = 2, the run for k = 0.95 was stopped. The average value for k = 0.9 is
unimpressive, because for runs at low and high values of dec-factor, it did not seem to perform
well. For values of dec-factor between 8 and 11, however, it performed extremely well, yielding
the four best times overall. Problem ASSIGN1 has the same value range as problem ASSIGN1la,
namely 1-10, although it is not random. Even though we had few data pcints, the “curves”
follow the same pattern.

Problem ASSIGN2 shows wide fluctuations in running time for the low values of k. but it
had consistently good times for high values of k. In fact, in marked contrast to the problems
with lower value range, for values of dec-factor greater than 4, runs finished only for k£ > 0.85.
There was only one example where some value of k completed but k = 0.95 did not.

We now attempt to draw some conclusions about the dependence on & of the problems with
larger value ranges. These problems had such a strong dependence upon the dec-factor param-
eter that only runs with very low dec-factor completed, and therefore we cannot adequately
analyze dependence upon & for optimal assignments. We do observe, however. that in problem
ASSIGN1b, for values of dec-factor greater than 4, the only runs that ran to completion had
k = 0.95. Thus it seems that the behavior of p. blem ASSIGN?2 is more typical of problems
with larger value ranges.
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Figure 5-3: CM time (estimated for a 64K machine) for optimal assignments as a function of
the tail-cutting parameter k. For problems with small cost range, such as ASSIGNla (empty




100 CHAPTER 5. THE ASSIGNMENT PROBLEM

We now look at the runs that were automatically terminated and investigate the quality of
the partial assignment as a function of the parameter k. In part, this investigation will tell us
how close the run was to terminating, although we know that the final sequential tail can be
quite long. We really intend this study to be a preliminary investigation of the question we
raised earlier about intentionally stopping short of optimal in the interest of saving time.

As we mentioned earlier, it is somewhat difficult to compare the incomplete runs given our
termination criteria. Fortunately, for most of the problems, the best solution occurred early in
the testing, and most of the incomplete runs were terminated after the same number of bidding
iterations. In most cases this termination does not take effect until after dec-factor = 2.

Although we compare terminated runs based on the value of the partial assignment, we
comment here briefly about running time. Most of the runs that were automatically terminated
ran at approximately the same total and CM time for a given problem. Some runs required
significantly less time even though they were cut off at the same number of iterations. To
understand why, we consider the interaction between two of our optimizations: the tail-cutting
parameter k and global bidding. By using the tail-cutting parameter k at a value k < 1, we
always stop after p < n people are matched for all except the final auction round. Therefore,
we always have more than one person bidding except during the final round. When there is
only one person bidding, we can process the one bid faster using global operations. The faster
runs are the ones that made it into the final “global bumping” stage where one person “"bumps”
another until the optimal solution is reached. The faster a run is relative to the typical time
for that problem, the more time it spent in this final phase before automatic termination.
Therefore, we are not surprised to notice that these faster-than-typical runs also produce the
best partial assignments.

Figure 5-4 graphs the average percent error for problem ASSIGN2 (500x 500, range 1- 1000)
as a function of the tail-cutting parameter k. The average for each k are taken over those values
of dec-factor for which most runs were stopped early. For those runs which did complete for a
value of dec-factor in the range of interest, we averaged in the optimal assignment value. That
way we do not penalize a value of & for running to completion. Problem ASSIGN?2 is a good
example of the behavior for those problems that showed a dependence on k. They behaved
similarly to the optimal runs just discussed. Namely, they performed better for higher values
of k (in the neighborhood of 0.95). This improvement with increase in k probably occurs in
part because more people are matched in the first auction rounds. This particular problem
(ASSIGN2) was run for many more iterations thaa most and therefore we feel that it reflects
the affect of termination when the algorithm is in or near its final tail. There was quite a bit of
variance in some problems which showed this tendency, and for some problems a similar graph
would appear quite flat, possibly because the runs had not, in general, proceeded far enough
to show any tendencies.

We now look at the dependence of the running time upon the parameter dec-factor. One
might think that the factor by which one divides ¢ after each auction should have little affect
upon the performance of the algorithm. In fact, it had a dramatic effect in the sense that for
almost all problems vith large value range (the ones that run longer in general), the best runs
occurred at very low values of dec-factor. Furthermore, these runs were the best by far enough
that few other runs even finished. For example, problems ASSIGN1c (value range 1-1000) a.nd
ASSIGN1d (value range 1-10,000) both had the overall best run at dec-t‘actor‘= 2 zfnd. aside
from one run at dec-factor = 3. no other runs completed after twice as many iterations.
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Figure 3-4: Average percent error of partial assignments as a function of parameter k for
problem ASSIGN2 (500 x 500, range 1-1000). Higher values of k seem to work better and. in
fact, the dependence is monotonic in the range k = 0.80 - 0.95.

We now look a little more closely at the dependence on dec-factorfor those relatively few
runs that finished. As illustrated in figure 5-5, for problems such as ASSIGN1a with the lowest
value range, any value of dec-factor over 4 seemed to work about as well, better than lower
values of dec-factor. This once again is in marked contrast to the problems with larger value
range. Problem ASSIGN2, for example, performs well for dec-factor < 7 and then times
become dramatically worse.

We now look at the quality of the partial assignment as a function of dec-factor for those
runs that were terminated early. We only have data for the problems with large value range
because the smaller problems were monitored by hand. The dependence upon dec-factor, for
sroblems with large value range, is much more pronounced than the dependence upon k. All of
the test problems did better for lower values of dec-factor. Figure 5-6 illustrates the average
percent error as a function of dec-factor for problem ASSIGN1d. The average is take over k.
The behavior is a very good example of the general case.

5.6 Summary and conclusions

In :his section we summarize the results of our implementation of the assignment pioblem
algorithm, speculate about the good choices of parameters k and dec-factor. and suggest
directions for future testing.

The results with the assignment algorithm are very encouraging, though not yet conclusive.
Assignment problems with 1M variables can be solved within 0.5 - 1 minute of CM time. The
solution time can be brought down to a few seconds with a fully configured machine. As we
showed in section 5.5 we can achieve significant savings in CM time for suitable choice of the
parameters k and dec-factor. Unfortunately, the algorithm appears to be rather sensitive to
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Figure 5-5: CM time (estimated for a 64K machine) for optimal assignments as a function
of parameter dec-factor, which controls the number of auctions. We show best times rather
than average since in general few problems completed other than at low values of dec-factor.
Problems with small value ranges such as ASSIGNla (empty circles) do better for moderate
values of dec-factor. Those with larger value ranges such as ASSIGN2 (solid circles) do
dramatically better at low values of dec-factor.
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this choice and some fine tuning is required to achieve optimal performance. Additional work
is required in order to more fully understand the behavior of the parallel auction algorithm and
hence develop a set of settings for the parameters that are efficient for broad classes of problems.
Such settings may dcpend upon general problem characteristics such as size and value range.

Based upon our limited testing, we make the following observations about the general be-
havior of the auction algorithm under various setting of the parameters. For the 1000 x 1000
problems with value ranges 1-10, intermediate values of parameters dec-factor and k seemed
to work best. Values of dec-factor in the range 4-7 coupled with & = 0.85 and values of
dec-factor in the range 8-11 coupled with k = 0.85 or 0.90 consistently performed the best.
For a given value of dec-factor, the fall-off in performance after the best value of k was dra-
matic. For problems with larger value ranges, the best performance seems to occur at low
values of dec-factor such as 2 or 3 coupled with high values of & such as 0.9 and 0.95.

It seems that the algorithms performance is more sensitive to value range than to problem
size (number of nodes). Unfortunately, we have only two data points for the latter comparison,
namely problem ASSIGN2 vs. problem ASSIGN1lc. Therefore we feel that there is insuffi-
cient data to allow us to draw conclusions about the effect of problem size with any degree of
confidence.

As we mentioned at the start of section 5.5, we handicapped ourselves in our investigation
of suboptimal assignments. We feel that the results are very good in light of this handicap, and
that a more thorough study is warranted. In particular, we suggest running problems such as
the ones we ran, closely monitoring the progress made in each iteration. It may be that only
a few iterations almost always bring us within, say, 2 percent of the optimal solution. If this
is true, then in the case where a close solution is sufficient, it will be very hard to beat the
Connection Machine.

Even if we require an optimal assignment, we can benefit from this monitoring. We can run
a problem for a predetermined (short) period of time for a variety of parameter settings that
are expected to work well for the given value range. Alternatively, we can run simultaneous
versions or dovetail. We can then determine the most promising runs, for example the ones
that are in the final global bumping, and run one of those to completion.




Chapter 6

Parallel Traveling Salesman
Heuristics

6.1 Introduction

The traveling salesman problem (TSP) is defined as follows: given n cites and the distances
between each pair, construct a tour of the n cities of minimum distance. More formally, given n
cities ¢1,¢2,...,¢n and a value d(¢;i,c;) for all ¢ # j, find asimple cycle T =< ¢;; . ¢y, .. €, >
which includes all n cities such that Z{c.,.c.,‘}e’r d(c,,¢i,) is minimized. In the Euclidean
traveling salesman problem, each city has an z and y coordinate and the uistance between
cities is the standard Euclidean metric. We implemented parallel heuristics for the Euclidean
traveling salesman problem on the Connection Machine CM-2. This chapter represents joint
work with Ron Greenberg and Joel Wein.

Because we assume a complete graph on the n generated cities, the cost of assigning one
processor per edge is prohibitive. For example, on the 16,384-processor CM-2 that we used, if we
were to explicitly represent the [(2048)? = 4,194, 304]-entry edge matrix generated by a 2048-
city problem, each processor would have to simulate 256 processors. We ultimately would like
to run heuristics on a million cities or more, so we cannot expect any machine available in the
near future to have sufficient processors or memory to allow this explicit representation. In fact.
many theoreticians agree that a parallel algorithm is “feasible” only if its processor requirement
grows at most linearly with problem size. We chose, therefore, to assign one processor per city.
We represent the tour by two parallel variables (pvars) containing the z and y coordinates of
the city represented by that processor. The tour is formed by passing through the cities in
processor order with wraparound. When we refer to the “edge” in a given processor, we mean
the edge of the tour that originates at the city stored in that processor.

The cities were generated randomly and locally, using the Connection Machine random
number generator to create integral z and y coordinates between 1 and n, the number of cities.
The probability that a given pair of cities has identical coordinates is 1/n%. The probabil?ty
P(M) that some pair of cities has identical coordinates is the probability that the second city
matches the first, or the third matches one of the first two, and so on. Thus the probability of
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a match is bounded by
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This is a rather high probability of a match, but we are not concerned becaiise none of the
heuristics we implemented requires that the cities be distinct. We would hope that in the case
that cities ¢; and ¢; are the same, that the heuristics will place them together in the tour
yielding a 0-length edge. Thus we can model the case where the traveling salesman has two
appointments in the same city.

The general strategy we adopted was to generate an initial tour of varying quality, and then
“tweak™ it. We investigate two types of techniques for generating an initial tour. The first,
described in section 6.2.1, is greedy heuristics where we add cities to the tour one at a time.
The second type of technique, described in section 6.2.2, is partitioning heuristics where cities
are grouped into local tours which are then tied together to form the final tour. Tweaking,
described in section 6.3, iteratively improves a tour by repeatedly exchanging pairs of edges.
Refer to section 1.3 for details of the Connection Machine language primitives we use to describe
the implementations of the heuristics.

Unlike the code for the matrix-vector primitives, we did not do any “speed hacking on
this code, even to the extend of using Paris (the CM version of assembly code). We aimed for
readable, easily debugged high-level code that had no obvious inefficiencies. We did not intend
this initial investigation to serve as a comparison of the raw performance of the Connection
Machine versus, say, the Cray. Our goal was to develop parallel versions of known sequential
heuristics as a first step toward the development of new parallel heuristics. Thus we investigate
which heuristics map well onto the Connection Machine architecture for modest size problems.
and try to hypothesize about which techniques will work best asymptotically in terms of both
time aud quality of tour.

We implemented our heuristics on a 16K (16,384)-processor CM-2 running with a 4MHz
clock. The results of our limited testing are presented in section 6.4. The algorithms for gen-
erating the initial tour perform a set number of tasks per city or group of cities. Therefore,
for these heuristics, the running times grow predictably with the problem size n. Tweaking,
however, is performed iteratively until a termination criterion is met, and therefore the running
time is unpredictable. We found that most of the improvement from tweaking was achieved in
early iterations and the final few percentage points of gain, the tail, accounted for a dispropor-
tionately large amount of compute time. Because we are running heuristics for an NP-compl_ete
problem, we do not expect to arrive at the optimal tour, and therefore we can stop the tweaking
process a little short of its ultimate gain to save time. This is in contrast to our implerpep-
tation of the assignment problem discussed in chapter 5. There we cut the sequertial tail in
intermediate iterations, but we had to run the final tail to the end to guarantee an optimal
solution. For the TSP heuristics, we found that cutting the tail in the tweaking proced tre (that
is, stopping after a certain percentage improvement over the initial tour) cut the running time
substantially without substantially decreasing the quality of the tour.
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6.2 Building the Initial Tour

This section describes methods for generating an initial tour from the randomly generated cities.
We discuss some of the existing sequential heuristics for TSP that we did not use and why. We
then discuss the greedy and partitioning heuristics that we did implement.

Once one assumes a tiiangle inequality on the set of distances between the cities, there are
several known heuristics that are guaranteed to produce a tour of length at worst some small
constant factor longer than the optimal tour length [9,64,105]. One standard approach is based
on the construction of a minimum spanning tree (MST). Given a depth-first traversal of such
a tree one can “shortcut” around the repeated nodes to construct a tour of all the cities. This
tour is no more than twice as long as the optimal tour.

Christofides improved this result by constructing a minimum spanning tree and then a
minimum weight matching on the odd-degree nodes. He then constructs an Euler tour of this
graph and shortcuts it to a tour. The resulting tour length is no worse than 3/2 the optimal
length.

These techniques seem well suited for parallelization, since building minimum spanning
trees and min-weight matchings is possible in polylogarithmic time. The minimum spanning
tree methods prove not to be useful for us, however, since they assume one processor per edge.
Working only with a representation of the city positions, we saw no way to develop a poly-
logarithmic time algorithm for the minimum spanning tree. Essentially the troublesome step
reduces to “Given n processors each representing a point in space, find the closest point to
each point.” This step appears to require (n?) work which would imply that it cannot be
completed in polylog time on O(n) processors. We can, of course, gain a factor of n from
parallelism.

Given this situation, one can either use O(n)-time heuristics, or look for other polyloga-
rithmic techniques. We pursued a small subset of each.

The simplest TSP heuristics are “greecy” heuristics, that at each step choose the city that is
“best” in some sense — closest city, lowest cost inserted city, etc. [9,105]. In the nearest neighbor
heuristic, for example, at each step the city closest to the last city on the tour is added. This
heuristic is easily implemented in O(n) parallel time. Rosenkrantz, Stearns, and Lewis proved
that in the worst case the ratio of the lengths of nearest-neighbor to optimal tours can grow as
Q(lgn) and that in fact this rate can be achieved [105]. The experimental results of Bentley
and Saxe [9], however, indicate that quite often the results of the Nearest Neighbor Algorithm
are comparable to or better than those of the MST neuristic. This experimental performance,
combined with their ease of implementation, motivated our investigation of greedy techniques.
Section 6.2.1 describes the set of greedy techniques we implemented.

A second type of TSP heuristic is a partitioning heuristic that divides cities into groups.
forms a local tour, and joins the local tours to form a global tour. Section 6.2.2 discusses
partitioning heuristics in more detail. In particular, it describes the Strip tour which is a
partitioning heuristic that we implemented.

6.2.1 Greedy Heuristics

All of the greedy heuristics can be described within the following general framework:

0. Start the tour at an arbitrary city.
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1. Choose a city to add to the tour.

2. Choose a position in the tour at which to add the city.

3. Add the city, and return to step 1.

For this reason, most of the greedy heuristics are performed by a single *lisp function which
calls subroutines to choose the cities and positions and make the insertions. The exception is
the nearest neighbor-heuristic, which was coded separately since it requires significantly less
work to perform the relevant subfunctions.

The simplest of the greedy heuristics is the nearest-neighbor heuristic. This heuristic starts
the tour at an arbitrary city and performs n — 1 iterations of adding to the end of the tour
the city nearest the last one visited. This is straightforward to implement both sequentially
and in parallel. The sequential running time is O(n?). In parallel, it is O(n) because we can
determine the next city to add in constant time. We simply broadcast the coordinates of the
last city, compute in parallel the distance from each city not on the tour to that city, and do a
global minimum. Because of its simplicity, the constant in the running time is smaller than for
the other heuristics to be discussed. We noticed that although the nearest-neighbor heuristic
does not generally provide as short a tour as some of the other greedy heuristics. the resulting
tour responds well to tweaking.

The other heuristics can be classified as insertion or addition heuristics. Most are discussed
in Rosenkrantz, Stearns, and Lewis [105]; two are obvious extensions. For each of these methods.
we choose a city ¢ which is best in some sense relative to the tour constructed so far. We then
choose a place to insert the city, meaning that it is added to the tour between two currently
neighboring cities a and b. Thus the salesman now goes from city a to ¢ to b instead of from
a to b. The rest of the tour is unchanged. The cost of adding city c to the tour between cities
a and b is the difference between the length of the new tour and the length of the old tour.
namely d(a,c) + d(c,b) — d(a.b).

We use four different methods for choosing the next city to insert. We define the distance
of a city ¢ to a partial tour T as the minimum of all the distances to cities in the tour:
min, ¢r d(¢,¢;). For the nearest-insertion and nearest-addition methods, we choose the city
which is closest in distance to the tour constructed so far. For the farthest-insertion and
farthest-addition methods, we choose the city which is farthest in distance from the tour. For
the cheapest-insertion method, we choose the city for which we incur the least cost by adding
it to the tour in its best place. For the random-insertion method, we just pick the next random
city not in the tour.

There are two ways of deciding where to insert the selected city into the tour, which is
what creates the distinction between insertion and addition heuristics. In insertion heuristics,
the chosen city is inserted in the position in the tour which incurs the least cost, while in
addition heuristics the city is added at the position which was responsible for making it best.
For example, in nearest-addition, we add the closest city to the tour immediately after the city
in the tour which is closest to it (even though adding in another position could be less costly).

All of the insertion and addition heuristics can be implemented in O(n?) time sequentiall'y
and O(n) time in parallel. We use a technique mentioned in Rosenkrantz, Ste'a'rns. and Lewis
with regard to nearest-insertion. Instead of recomputing the distance of all cities to the tour
after each insertion, each city keeps track of its distance to the tour and performs a constant
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time update by checking its old distance against its distance to the most recently inserted
city. Rosenkrantz, Stearns, and Lewis recognized only an O(n®lgn) (sequential) algorithm for
cheapest-insertion, but, in fact, the same technjque is applicable to cheapest-insertion.

There is only one implementation detail of the insertion and addition heuristics which is
at all worth mentioning, since the translation from the descriptions above to *lisp is quite
straightforward. Instead of shifting the city data down the sequence of processors in order to
accommodate the insertion of a city, each processor (city) simply keeps track of what position
it belongs in as the tour is constructed. Then at the end, a single routing operation puts the
cities in the desired tour order.

6.2.2 Partitioning Heuristics

In situations where the data points are uniformly distributed in the plane, more local techniques
for initial-tour building can provide expected polylogarithmic performance. In this section
we describe a two partitioning heuristics: the strip tour which we implemented, and Karp's
partitioning algorithm, which we did not implement.

To apply the strip tour heuristic, we assume the cities are distributed in an n x n square.
We partition the square into /n vertical strips, either letting each strip contain \/n points
(equipopulated strips), or letting each strip be of physical width \/n. We then sort the points
in each of these strips by y coordinates. The strip tour is the result of starting at the bottom
left hand corner, and constructing the tour that goes up the first strip then to and down the
second, up the third, etc. The last point is joined to the first by one long edge.

Building this tour is quite simple on the CM. We start with an initial random tour in two
pvars, one for z coordinates, one for y coordinates and proceed as follows:

1. Sort the tour by z coordinates. (Be sure to take the y coordinates to the right places)
2. Set up a boolean segment pvar to mark the boundaries of the strips.

3. Do a segmented sort , i.e. sort in each strip by y-coordinates. (An easy way to accomplish
this is to add n =i to each value, where i is the segment number, and then do a regular
sort.)

4. “Flip” the odd numbered segments to set up the tour order so that we are traversing
down those segments.

What could ultimately be the most promising method of initial tour generation is Karp’s
partitioning algorithm [68]. This algorithm can roughly be understood as follows:

1. Divide the original area into 2 subrectangles.
2. Construct an optimal tour in each subrectangle.
3. Combine these local tours through shortcutting.

This algorithm can be implemented in O(TIgN) time, where T is the time to construct
each local tour. If we were to partition in such a way as to expect O(lg V) cities per square,
constructing the exact local tour in each square would take us back to expected polynomial
time. If we were again to use a heuristic, such as nearest neighbor, to construct the local tours,
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<
a ¢ a c

Figure 6-1: We tweak a pair of edges by replacing them by two edges, one that joins the heads
and one that joins the tails. Half the tour is then reversed to yield a new directed tour. A
tweak is advantageous if by performing the tweak we reduce the length of the tour.

we would have a polylogarithmic heuristic that we expect would be more accurate than the

strip tour. This heuristic has not been implemented although implementing it should not be
particularly difficult.

6.3 Tweaking

In this section we discuss the implementation of tweaking heuristics. We first define the tweaking
operation. We then discuss three implementations of tweaking. The first implementation finds
tweaks in parallel but performs them sequentially. The other two implementations perform
tweaks in parallel.

Consider the quadrilateral defined by four points in the plane, for example points a. b. c.
and d in figure 6-1. The quadrangle inequality states that the sum of the lengths of either set of
opposite sides is less than the sum of the lengths of the two diagonals. For example, in figure 6-1.
we have that d(a,d)+d(b,c) < d(a,b)+d(c,d), and similarly d(d,b)+d(a,d) < d(a.b)+d(c.d).

When we apply the quadrangle inequality to the traveling salesman problem, it means that
in the optimal tour, no edge crosses back on the tour. More specifically. suppose we are given
some directed tour of the cities such as the tour illustrated in figure 6-1. In this tour. it is better
to replace the long pair of crossing edges (a.b) and (d,c) with the edges (c,a) and (d.b). The
direction of the directed path T, must be reversed to maintain a legal tour. We call such an
edge replacement with path reversal a tweak. A tweak is advantageous if by performing the
tweak we reduce the length of the tour. If no pair of edges can be tweaked advantageously, we
say the tour is 2-optimal.

We repeatedly perform advantageous tweaks until one of two termination criterion is satis-
fied. If the user furnishes an optional parameter indicating the desired percentage improvement
p, then tweaking stops when the touris p percent shorter than the initial tour or when the tour
is 2-optimal. Otherwise, if no percent-improvement goal is specified, the tour is tweaked until
it is 2-optimal. If allowed to run to 2-optimality, the tweaking procedure frequently has a lqng
tail during which it spends a lot of time finding tweaks, and the ones it finds are of steadily
decreasing value. We can cut the tail by specifying an appropriate percent-improvement goa%.

One might at first believe that by considering the tour undirected, allowing traversal in
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either order, path reversal in tweaks is unnecessary. If the tour in figure 6-1 were undirected,
however, then we could not distinguish between the desired edge pair (c,a), (d,b) and the edge
pair (a,d), (c,b) which shortens the tour by chopping it into two smaller disjoint tours. In
a directed tour, to tweak edges (taill, headl) and (tail2, head2), we replace the two edges
with (headl,head2) and (taill,tail2) , and then reverse the path originally going from head1
to tail2.

In our tour representation, a tweak consists of flipping a set of consecutive entries in the city
pvar. For example, to perform the tweak illustrated in figure 6-1, we take the piece of the tour
pvar from processor d to processor a inclusive and reverse it. Alternatively, we can reverse from
processor ¢ to processor b inclusive to get the directed tour going in the opposite direction.
Thus we can always tweak by flipping a consecutive set of cities in the pvar representation
without worry of wraparound. To actually perform the reversal, we broadcast the addresses of
the processors at the ends of the path to be reversed. All cities then determine if they must
move and if so what processor they must move to. Then all cities ship themselves off if necessary
with a *pset.

The choice of edge pair to tweak is also heuristic. Initially, at least, it seems that tweaking
the longest edges will maximize our gain. Using this assumption, in our simplest, “global”
tweaking routine, we chose an edge pair as follows:

1. Make all edges in the tour active. If edge (z,y) is in the tour, then the processor containing
city z controls edge (z,y).

2. Find the edge (a,b) of maximum length quickly using the wired OR (*max).
3. Broadcast (a,b).

4. Each city ¢ which is follcwed by city d in the tour calculates the incremental change to
the tour caused by tweaking (a,b) and (c,d).

5. Choose the most advantageous tweak using the *max function. If the best tweak is
advantageous, perform that tweak and go back to step 1. If no tweak is advantageous,
inactivate edge (a,b), and go back to step 2.

The tour is 2-optimal if no active edges remain. The only way we can see to deterministically
find the tweak with the maximum gain in constant time is to use Q(n?) processors and check
each pair of edges in parallel. Unfortunately the processor cost is prohibitive. Using O(n)
processors, we can determine the best tweak in O(n) time, but we feel it is better to do @(n)
good tweaks in that time than one great tweak.

We implemented two versions of the tweaking heuristic that allow limited parallelization of
tweaking. It is not obvious how one goes about parallelizing the tweaks. For example, how does
one calculate the tour resulting from parallel overlapping reversals and how does one efficiently
choose in parallel a set of good tweaks? We chose the simplest form of parallelization, namely
we divided the tour into disjoint sets of consecutive cities and performed the tweaking procedure
in parallel on each set of cities. For each group of cities, we find the maximum-length active
edge and perform the most advantageous tweak with that edge, if any. N

For this simple division, tweaks do not interfere. Suppose in the current tour the. cities
are ordered t;,t3,...,t. If we divide into groups of size g, then the first group consists of
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Figure 6-2: In a parallel tweak, we perform tweaks within contiguous groups of cities on the
tour. The edges considered for tweaking are the tour edges originating at each city in the group.
Dashed edges indicate tour edges that go across group boundaries. In this case the dashed edge

(ts,t9) is involved in an advantageous tweak which can be performed by reversing cities ¢4
through tg inclusive.

cities t1,t3,...,t, and tour edges (t1,t2),(t2,t3),...,(tg,t541). That is, we do not consider
the groups to be tours themselves with an edge wrapped back. This assumption could lead to
incorrect tweaking decisions, especially since the false tie-back edge could be quite long. Instead
we allow tweaking on the tour edge that leaves the last processor in the group. If this edge is
chosen for a tweak, we can still correctly perform the tweak by reversing a set of cities strictly
within that group. For example, in figure 6-2, we show a group of size 8. The dashed lines
indicate tour edges that go across group boundaries. In this case it is advantageous to tweak
edges (t3,t4) and (ts,t9). We can do this by reversing cities t4 through tg inclusive. which is
strictly within the group.

In a parallel tweak, each group performs the best tweak that it found in the last iteration
of the tweak-finding procedure, provided that the tweak is advantageous. We only perform
parallel tweaks when at least one group has found an advantageous tweak.

By dividing into groups, we can determine and perform multiple advantageous tweaks at the
same time, but each iteration runs more slowly. Each global wired-OR operation (such as *max)
and each broadcast is replaced by a segmented scan. We estimated that a parallel iteration
runs about 32 time slower than a global iteration, so we never perform parallel tweaking on
less than 32 groups.

Our first attempt at parallel tweaking is a one-pass version. We divide the cities into groups
of 4. and perform tweaks in parallel on each group until all groups are 2-optimal. We then
double the group size and repeat the process until there are less than 32 groups. We then do a
straight global 2-optimization. As with the global tweaking routine, all parallelized versions will
accept an optional argument specifying a satisfactory percentage improvement and the routine
will terminate if the tour achieves the desired percentage improvement.

We also implemented a parallel tweaking procedure that operates in muitiple passes. For
the multiple-pass version, we start by performing some tweaks at the top level. Then we divide
the cities into 32 groups of size n/32 and perform some number of parallel tweaks at that level.
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Then we halve the group size, and so on until the groups are of size 2. We then go back to the
global level and repeat the process with the groups shifted. If the groups are of size g, then
we tweak until all the groups are 2-optimal or until we perform g/4 parallel tweaks, or until
we have achieved the desired percent improvement if specified. If we are trying to make the
tour 2-optimal, the procedure must end at the top level (ie. the global tweaking). In the best
case, we perform n/4 tweaks at each level so we achieve Q(nlgn) tweaks in O(n) time. The
overall time is dominated by the time spent at the global level since the time spent on e~ch
level is roughly geometrically decreasing, and yet we can possibly perform the same number of
tweaks on each level. We chose to go from global tweaks to tweaks at smaller levels because
we envisioned that the globally best tweaks would be performed first, bringing cities closer to
where they would ultimately be, and then local tweaks would act as fine-tuning.

6.4 Results and Conclusions

In this section we attempt to draw some conclusions about the best strategies for achieving
near-optimal solutions to the Euclidean TSP on the Connection Machine. We present the
results of our limited testing in tabular form. We then suggest possible explanations for the
results we achieved and speculate about which methods might be best asymptotically in terms
of both time and final tour length. All of our conclusions about performance of initial tour
methods, etc. are implicitly prefaced by the statement “for a uniformly distributed set of points
...” We did not implement any other distributions of random initial tours.

Our results appear in tables at the end of this chapter. We performed all experiments on a
16K (16,384)-processor CM-2 running with a 4MHz clock. Tables 6.1 and 6.2 present the results
of all of our basic methods on test cases of 128 and 256 cities respectively. More specifically. we
apply every initial tour method and then tweak them to 2-optimality using the global tweaking
(tweaks performed sequentially). The results are presented in increasing order of final tour
length. The length of the random tour given in the first row of each table is the value of the
tour implied by the initial randomly generated pvar of cities.

Next we selected the most promising initial tour methods, nearest neighbor and nearest
addition, for testing on larger problems with more sophisticated tweaking approaches. Tables
6.3 and 6.4 list the results of one-pass and multiple-pass 2-optimal tweaking, as well as parallel
tweaking to a given goal percentage improvement, on test cases of 256 and 2048 cities respec-
tively. Finally tables 6.5 and 6.6 list the results of strip tours performed on worlds of 16k and
64k cities respectively.

As we mentioned before, when we implemented these heuristics, we were not trying to
achieve raw performance, but were investigating relative performance of the various techniques
when implemented on the Connection Machine architecture. Nevertheless, we feel that it is
oniy fair to mention that since these figures were gathered, the CM-2 has been improved. The
current CM-2 has faster system software, a faster and better random number generator, faster
clocking, and more memory. Thus, even if we were to run the same code today, our times would
be faster than those listed in the tables.

The features of the Connection Machines that proved most valuable were the fast max,
min, and broadcast, and the scanning facility. Due to our sparse problem representation,
chosen to allow us to attack large problems, the advantage of the Connection Machine often
consisted primarily of a factor of n improvement resulting from the fast max. min, and broadcast
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operations. In the construction of strip tours and the attempts at parallel tweaking, the scanning
and routing facilities of the Connection Machine were used more fully.

We now comment vpon the general performance of the various greedy heuristics. Nearest-
neighbor is fastest, as would be expected. The addition methods take about 3 times as long
as nearest-neighbor, and the insertion methods take about 6 or 7 times as long. Since the
addition methods generally yield the longest tours, they seem to offer no advantage over use of
the nearest-neighbor heuristic. Only if they were generally more amenable to tweaking, would
they be useful. We did encounter one example of this behavior among our test cases, but this
is probably not true in general. The greedy heuristic which yields the shortest tour is almost
always farthest-insertion (surprisingly, better even than cheapest-insertion). These farthest-
insertion tours were nearly 2-optimal and quite good even compared to 2-opted versions of the
other methods. As the problem size grew, however, we were able to beat farthest-insertion in
both time and tour length using parallel tweaking with a suitable goal percentage starting from
a faster initial tour construction method.

The strip tour requires two *sort operations and one additional reasonably local routing
operatic The time of execution is accordingly extremely fast. As we see from table 6.6, on a
16384-pro :essor machine we constructed a strip tour for a 65,536 city world in .99 seconds.

Although the length of the strip tour is bounded above by 2ny/n for an n x n square, it
performs significantly worse than the greedy heuristics. Thus the time gained in the initial tour
construction is lost in tweaking this worse initial tour to two-optimality.

Tweaking a tour to 2-optimality required much less time if the tour was already nearly
2.optimal. Tweaking a random tour required at least twice as much time as tweaking a tour
built by one of the initial tour heuristics. Of course we expected much poorer behavior on
inferior initial tours because many more tweaks are required to reach 2-optimality. If we are
actually tweaking to full 2-optimality (no goal percentage), we spend O(n) time just to verify
the termination criterion. By the final stages, when we are performing mostly local tweaking, we
spend O(n) time finding a pair to tweak, since most of the longest-length edges have stabilized.
In practice, we observed about O(n?) behavior for 2-opting.

As seen from the relatively small running times of tweaking with percentage goals, It appears
that most of the gain from tweaking occurs early in the procedure. Unfortunately, it is quite
difficult to decide upon a reasonable goal percentage. The percentage improvement depends
upon the quality of the initial tour. Also, different initial tours of similar quality can lead
to different percent improvement depending upon which local minimum the tweaking routine
arrives at. If the user is too pessimistic, the routine will run very fast, but the improvement
will not be anywhere near as good as it could be. If the user is too optimistic, the routine
may end up doing straight 2-opting (ie. tweaking until the tour is 2-optimal). The situation is
particularly delicate since, according to our limited testing, the fall-off in gain vs. time is very
steep near the ultimate percent gain, but the cost of additional percentage gain is very small
even up to, say, 2 percent off the ultimate gain. For example, as seen in table 6.4, runnir}g
multiple-pass tweaking on a nearest-neighbor tour of 2048 cities with a 19% cutoff resulted in
a tour that was 0.002 percent worse than the full 2-opted multiple-pass version . and it ran in
less than half the time. Of course the user does not want to 2-opt in order to determine a good
goal percentage, so we conclude that it might be better to monitor the gain of thg system and
stop when the average gain over a “reasonable” period of time is “small”, or until the search
for an advantageous tweak requires. say, O(n} time.
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As the size of the problem grew, the multiple-pass tweaking seemed to perform the best
of the three tweaking routines. We feel that the multiple-pass tweaking could be made more
efficient by modifying the termination criteria as described above, and perhaps by reducing the
time spent on each level. For the relatively small problems that we tested, the routine did not
perform many passes. That is, the routine only went from top-level down to small groups two
or three times. We would have to experiment to determine a good trade-off between number of
passes and time spent in overhead for the transitions between computing phases. With so few
passes, we pay much more for “just missing” 2-optimality at the top level. We must complete
the whole pass before we recognize that we are done, and with so few passes, the relative time
wasted is large.

It seems that for medium-sized problems of a few hundred to a few thousand cities the most
promising of the approaches we tried is the nearest-neighbor initial tour followed by multiple-
pass parallel tweaking. As the number of cities grows, however, we expect that the O(n)-time
greedy heuristics and global 2-opting will become prohibitively expensive. The blazing speed of
the strip tour leads us to believe that for large problems we will benefit from a similar expected
log-time heuristic such as the Karp partitioning method. Hopefully, such a method not only
would be very fast but also would produce much better tours than the strip method and be
amenable to parallel tweaking.

Another possible optimization is the Lin, Kernighan generalization of tweaking called k-
opting (84). Their algorithm exchanges k edges of the tour, determining both k and the
edge-sets to exchange on the fly. We anticipate that the time spent determining a k-tweak
will increase substantially over the time to find a 2-tweak, but the number of tweaks may also
diminish substantially.
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l | 128 Cities | B

[Tour Type || Length || Initial Time || Tweak Time || Total Time
| Total [ CM% || Total | Cm% || Total | CM%

Random 3302.78 |

2-Opt Farthest Addition | 1177.53{ 3.371{ 33.22| 29.08 | 35.41 || 32.45} 35.18
2-Opt Nearest Addition 1183.01 | 3.34 | 33.26 || 12.58 | 35.25 || 15.92 | 34.83
2-Opt 1217.80 56.50 | 35.24 | 56.5 | 35.24

2-Opt Random Insertion || 1222.72 ] 6.38 [ 47.48 || 13.13 | 35.20 || 19.51 | 39.22
2-Opt Farthest Insertion [ 1222.89 || 7.72| 44.83 ) 11.22| 35.91 [r 18.94 | 39.55
2-Opt Nearest Neighbor 1224.24 1.14 | 35.67 ) 12.34| 35.24 || 13.48 | 35.28
2-Opt Cheapest Insertion || 1237.97 | 7.44 | 45.08 || 14.18 | 35.93 || 21.62 | 39.08
Farthest Insertion 1242.68 || 7.72] 44.83 7.72] 44.83
Random Insertion 1263.58 | G6.38 | 47.48 6.38 | 47.48
2-Opt Nearest Insertion 127845 | 7.74 | 44.64 || 12.76 ] 35.50 || 20.50 | 38.95
Cheapest Insertion 1326.71 || 7.44 ] 45.08 744 45.08
Nearest Insertion 1379.69 ff 7.74| 44.64 T.74 | 44.64
Nearest Neighbor 1483.75 {| 1.14| 35.67 1.14 | 35.67
Nearest Addition 1592.58 || 3.s4 | 33.26 3.34| 33.26
Farthest Addition 2255.46 | 3.37 | 33.22 337 33.22

Table 6.1: Time is measured in seconds. Methods are ordered by increasing length of the tour
they produced. The value of the Random Tour in the first line is the value implied by the pvar
of randomly generated cities. All heuristics start from this tour.
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| (i 256 Cities / Global Tweak | i
Tour Type -~ Length Initial Time || Tweak Time | Total Time
. L Total { CM% | Total | Cm% || Total [ CM%
Random 34790.28
2-Opt Nearest Neighb | 3174.96 | 2.39] 36.33 || 47.70] 34.74 | 50.09 | 34.82
2-Opt Random Insert 3271.24 || 12.84 | 4746 || 48.39| 35.16 | 61.23| 37.7
2-Opt Nearest Add 328256 || 6.70 | 33.82 1 61.34| 34.76 || 68.04 | 34.67
2-Opt Farthest Insert 3298.05 || 15.38 | 44.94 || 27.50 | 34.84 || 42.88 | 38.46
Farthest Insertion 3312.30 || 15.37 | 44.94 1537 | 414.94
2-Opt Farthest Add 3335.67 (| 6.69| 33.40 || 144.70 | 34.66 || 151.39 | 34.60
2-Opt Cheapest Insert || 3347.32 | 14.76 | 45.35 || 81.84 | 34.70 || 96.60 | 36.33
2-Opt Strip 3349.41 0.20 ] 47.61 94.27 ] 35.14 || 94.47 | 35.16
2-Opt 3364.39 152.76 | 34.78 || 152.76 | 34.78
Random Insertion 3384.00 {| 12.84 | 47.46 12.84 | 47.46
2-Opt Nearest Insert 3428.06 || 15.38 [ 45.08 || 79.22 | 34.87 | 94.60 | 36.53
Cheapest Insertion 3731.10 || 14.76 | 45.35 14.76 | 45.35
Nearest Insertion 3886.22 }| 15.38 | 45.08 15.38 | 45.08
Nearest Neighbor 3931.28 || 2.39 | 36.33 2.39{ 36.33
Nearest Addition 4312.01 || 6.70 | 33.82 6.70 | 33.82
Strip ’ 4657.52 || 0.20 | 47.61 0.20 | 47.61
Farthest Addition 6138.93 1 6.69 ] 33.40 6.69 | 33.40

Table 6.2: Time is measured in seconds. Methods are ordered by increasing length of the tour
they produced. The value of the Random Tour in the first line is the value implied by the pvar
of randomly generated cities. All heuristics start from this tour.
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| 256 Cities / Parallel Tweak | |
Tour Type Length || Initial Time || Tweak Time | Total Time
Total | CMY% || Total | Cm% || Total | CM%
Random 31790.28 1
i-P-P NN 3173.74 4 2.40) 36.33 | 43.77 ] 35.08 || 46.17 ] 35.14
M-P-P NN 317406 )] 2.39| 36.33 | 47.62 ] 35.00 || 50.01 | 35.06

1-P-P 15% NN 3330.96 | 2.391 36.33 || 4.51{ 3550 | 6.90| 35.79
1-P-P 18% NN 3220.95 || 2.39| 36.33( 9.03{ 35.29 | 11.42| 35.51
1-P-P 19% NN 3181.94 || 2.39 | 36.33 || 18.20 | 34.41 || 20.59 | 34.63
1-P-P Strip 3365.47 1 0.20] 47.16 || 65.56 | 35.25 || 65.76 | 35.29
M-P-P Strip 3349.41 | 0.20] 47.16 || 56.64 | 43.94 || 56.84 | 43.95
M-P-P 25% Strip || 3474.75 | 0.20| 47.16 || 13.77 | 33.80 || 13.97 | 33.99
M-P-P 27% Strip || 3390.75{ 0.20 | 47.16 || 18.02 | 34.27 || 18.22 | 34.4]
1-P-P 27% Strip 3391.98 {1 0.20] 47.16 | 31.09 | 35.12 | 31.29 | 35.20
M-P-P NA 328293 || 6.70 | 33.82 ] 40.59 | 34.54 || 47.29 | 34. 4
1-P-P NA 331769 (] 6.70] 33.82 | 49.85 | 32.92 || 56.55 | 33.03
M-P-P 20% NA 2448.65( 6.70 | 33.82 [l 11.01 | 33.67 || 17.71 | 33.73
M-P-P 22% NA 3357.16 || 6.70 | 33.82 | 21.46 | 34.45 ] 28.16 | 34.30

Table 6.3: Time is measured in seconds. The value of the Random Tour in the first line is the
value implied by the pvar of randomly generated cities. All heuristics start from this tour. The
abbreviations should be interpreted as follows: 1-P-P = One Pass Parallel tweaking, M-P-P
= Multiple Pass Parallel Tweaking, NN = Nearest Neighbor, and NA = Nearest Addition.
Percent Figures indicate the tweaking was run until the specified percent improvement was
achieved over the initial tour.
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T 2048 Cities / Parallel Tweak ] 1
m Length || Initial Time Tweak Time Total Time
Total | CM% || Total | Cm% | Total | CM%
Random 2158810.30
Farthest Insertion T4873.89 || 123.86 | 45.11 12386 | 45.11
Nearest Neighbor 84210.66 | 19.26 | 36.07 19.26 | 36.07
M-P-P 10% NN 75782.14 19.26 | 36.07 10.29 | .33.18 || 29.55 | 35.06
1-P-P 10% NN T5757.61 19.26 | 36.07 || 39.12| 37.59 || 58.38 | 37.08
M-P-P 12% NN 19.26 | 36.07 | 24.04 | 33.75 || 43.30{ 34.78
M-P-P 13% NN 73232 || 19.26 | 36.07 || 51.73 | 34.11 70.99 | 34.64
Strip 106459.57 0.23 | 52.87 0.23 | 32.87
M-P-P 25% Strip 79819.62 0.23 | 52.87 || 296.03 | 34.66 || 296.26 | 34.67
M-P-P 20% Strip 85159.73 0.23| 5287 || 61.91 | 34.02 | 62.14| 34.09

Table 6.4: Time is measured in seconds. The value of the Random Tour in the first line is the
value implied by the pvar of randomly generated cities. All heuristics start from this tour. The
abbreviations should be interpreted as follows: 1-P-P = One Pass Parallel tweaking, M-P-P =
Muitiple Pass Parallel Tweaking, and NN = Nearest Neighbor. Percent Figures indicate the
tweaking was run until the specified percent improvement was achieved over the initial tour.

18K Cities
Tour Type Length Time
. Total ] CM%
[ Random 1 1.3080667¢8 |
Strip 2368123 || 0.28 | 54.80
Equipopulated Strips 2369464 || 0.24 | 60.47

Table 6.5: Time is measured in seconds. The value of the Random Tour in the first line is the
value implied by the pvar of randomly generated cities.

[ 84K Cities Strip Tour

Random Length || After Strips " Time '

Total | CM%
2.2420385€9 || 1.8902352e7 || 1.00 | 89.05 |

2.237172e9 || 1.8913808e7 || 0.99 | 89.42

Table 6.6: Time is measured in seconds. The value of the Random Tour in the first column is
the value implied by the pvar of randomly generated cities.




Chapter 7

Pseudorandom Permuter Chip

In this chapter we describe the design of a pseudorandom permuter chip. The chip routes 16
bit-serial messages from input pins to output pins to realize a permutation (i. e. a one-to-one
correspondence between the input and the output ports). The output pin destination of each
input can be determined externally, thus forcing a desired permutation, or it can be determined
pseudorandomly. The chip contains a 16 x 16 Benes network which is a permutation network
based on the butterfly and composed entirely of primitive two input—two output switches. The
settings of the control bits of these switches determine the permutation realized. The chip also
contains a built-in pseudorandom number generator based upon a recurrence of polynomials
over GF(2%). The chip was fabricated through MOSIS using 4upm CMOS with one laver metal.
Much of the chip design was inspired by Charles Leiserson.
The chip has the following features:

e Computation of the next pseucorandom switch settings is done while the current message
is being sent. This allows immediate response to a request for a new permutation. While
response is immediate, the messag? <ent should be at least 25 bits long for this 16 bit
version to insure theoretically good behavior.

e maximal period for pseudorandom number generator if properly initialized.

e built-in safeguards to help assure the pseudorandom number generator does not fall into
a trap state where it will continuously generate nothing but zeros.

¢ buffers on internal broadcast control signals.

e sizing of vdd and gnd buses to avoid problems with electromigration.

e use of David Wise’s highly regular interconnection strategy for butterfly-like networks.
e integration of logical function with architecture and physical layout

— use of switch matrix as a computation matrix for the pseudorandom number gener-
ator.

~ interlacing of switch columns to make the logical values needed for the pseudorandom
number generator physically close to each other.

120




7.1. DEFINITION AND PURPOSE 121

e ability to explicitly set switches thereby forcing a permutation. Thus, the chip can form
the basis of a permutation/routing network.

e ability to externally initialize all aspects of the pseudorandom number generator. This

means the same chip can produce different pseudorandom permutation sequences, even
when otherwise run identically.

e software support for generation of external control for operation and testing.

The remainder of this chapter is organized as follows. In section 7.1, we outline why one
might want to build a pseudorandom permuter chip. We then provide the technical background
used to make design decisions. Section 7.2 lists the network properties we require and describes
the Benes network, which is the network we used. Section 7.3 describes pseudorandom number
generation in general and describes the technique that we used. Section 7.4 gives a high-level
overview of the chip architecture. Section 7.5 describes in more detail the response of the chip

to external control signals. Section 7.6 describes the design and layout of interesting functional
units in more detail.

7.1 Definition and Purpose

A pseudorandom permuter can be viewed as a box with n inputs and n outputs. When n bit-
serial messages are placed at the inputs and the box is appropriately hit with control signals.
the messages travel through the box. Each input is routed to exactly one output and each
output gets exactly one input. That is, the outputs are a permutation of the inputs. Which
line the input appears on is determined pseudorandomly by the permuter.

A pseudorandom permuter has two possible uses—both pertaining to routing of messages
in a network. The first possible application is as an arbitrator. If there are, say, n wires coming
into a network node, but only k£ < n going out, then in the case where there are more than &
messages trying to go through the node. some number of messages must be dropped. At this
point, each routing strategy must choose which messages to send through. In the absence of
priority information, one could argue that the fairest method is to randomly choose winners.
Just put the messages into a pseudorandom permuter, run it through a concentrator. and choose
the leftmost k messages.

The second possible application is as a global means of congestion control in a network.
Instead of sending messages immediately to their destinations, first send them “randomly™ to
some intermediate point, not necessarily on the path to their final destinations. Then route to
final destinations. Valiant and Brebner [120,121] originally proposed this technique and proved
it theoretically efficient. If the randomization is good, this process should smooth out local
congestion. The network will never have to deal with worst case routing, but instead always
handles the average case—the average, in fact, of our choosing. This scheme lengthens the base
delivery cycle of the network, but now the networking software can be optimized for a known
probability distribution of messages.

As we see later, we go to a lot of trouble to incorporate a pseudorandom number generator
into the chip design. One could argue that it is easier to simply use a truly random source such
as reading noise. We choose a pseudorandom generator because we want the chip to be testable
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and we want it to be programable to a known state for testing the networks of which it is a
piece,

7.2 The Permutation Network

This section describes some of the philosophy behind the design of the chip and gives details of
the Benes network, the specific permutation network used on the chip.

We described the primitive switch in section 1.2. If we pseudorandomly set the control bit of
a primitive switch, we have a pseudorandom permuter on two inputs. The chip design is a scaled-
up version of this basic idea. We start with a network with n inputs and n outputs composed
entirely of primitive switches. The network is capable of realizing any and all of the permutations
on its n inputs without collisions and the permutation realized is determined entirely by the
settings of the control bits of the individual switches. Then, by pseudorandomly setting these
control bits, the network should act as a pseudorandom permuter on n inputs. Each resulting
permutation should appear to be chosen randomly from the set of all permutations, providing
the network does not overly favor some subset of permutations.

The Benes network described in section 1.2 meets all of the above stipulations. It is com-
posed entirely of primitive switches, can realize any permutation of its inputs without collisions,
and the resulting permutation depends only upon the control bits of the basic switches.

The only property listed above that does not follow immediately from the definition of the
Benes network, is its capability of realizing any permutation on the n inputs without collision.
For those who are familiar with graph theory, there is a simple proof of this fact based on
matching in a bipartite graph. [ will instead describe a simple algorithmic proof. Refer to
figure 1-2 of the Benes network in section 1.2 to understand the labels used in the following
tracing argument.

Say there is some given permutation you wish to realize. Here is how to set the switches
to realize that permutation: Start at the top leftmost switch and set it arbitrarily. Since the
setting does rot matter let us choose 0. That means the first input ing is routed through Py,
the upper subpermutation network, and the second input in, is routed through Pg, the lower
subpermutation network. Having just expended a degree of freedom, some switch settings are
now forced. Find the output destination of ing, say out;. The output signal out; emerges from
a primitive switch, s, which has one input from network P4 and one input from network Pg.
Signal inp must travel through network P4, so sei the switch s such that the input from P,
is routed to out;. This in turn forces the other output from switch s, call it out;. to receive
its signal from network Pg. That means the input to be routed to out, must travel through
Pg, which forces a switch setting in the first column, and so on. Continue the process, until
you cycle back to the switch which was set arbitrarily to begin the process. In tracing back
and forth, switch settings in the last (rightmost) column are forced by signals traced forward
through network P4 and signals in the first (leftmost) column are forced by signals traced
backward through network Pg. When we started, we sent input ing through subpermutat.ion
P4 . Because we are routing a permutation, there can be no other messages originating at ino.
Thus when we cycle back we must be routing the message for in;, and since this message is
routed through subpermutation Pg, there is never a disagreement as to how to set the switch.
If there are still unset switches in the outer columns, pick one of them, set it arbitrarily and
repeat the above process.
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The setting of the outer switches forces n/2 signals into each of the two subpermutation
networks. The desired permutation and the settings of the switches in the outer columns force
the destinations of these signals within the subnetworks. By construction, no two signals routed
through subnetwork P4 go to the same switch in the last column (similarly for subnetwork Pg ).
Therefore, each of the subnetworks must realize a permutation of its n/2 inputs. Recursively
set the switches in the subnetworks to realize the forced subpermutations. When you get down
to the last level, a single switch, the setting is forced. This is the algorithm used in the software
I wrote to support testing of the chip.

Waksman uses the fact that we have that initial degree of freedom to put in an optimization.
Rather than always starting with some switch and setting it to an arbitrary value, just hardwire
it. In other words, eliminate one switch from one of the outer columns. This will eliminate
a switch in each recursive invocation of the definition. My chip does not incorporate the
optimization in favor of regularity and simplicity of design and layout.

In the Benes network and others like it, the settings of the switches determine the resulting
permutation. It is not the case, however, that there is exactly one way to set the switches
to realize a given permutation in a Benes network, or, for that matter, in any permutation
network built of primitive switches. There are n! permutations on n inputs. If there are r
switches in the network, however, then there are 2" ways to set all switches simultaneously. For
n > 2, there is no r such that 2" = n!. To be able to achieve any permutation, we must choose
r such that 2° > n! or in other words, r > nlgn. This means that some distinct settings
of the switches will result in the same permutation. If some subset of the total permutations
appears most of the time, then our strategy of pseudorandomly setting switches will not result
in a good pseudorandom permuter. The Benes network seems to have sets of permutations
which are equally favored with some sets more favored than others. The basic idea is that
whenever the two inputs that enter a primitive switch in the first row are destined to two
outputs emerging from the same primitive switch in the last column, then we have a degree of
freedom in realizing the permutation. In this thesis, we have omitted a detailed description of
our preliminary analysis.

7.3 Pseudorandomly Setting Bits

This section describes the issues involved in choosing a pseudorandom bit generator: what we
would like, why we cannot have it, what we ended up with, the pros and cons of the final choice,
and how the algorithm translates into hardware operations.

Theoretically the optimal way to determine the settings for the control bits of the switches in
the network would be to use a cryptographically strong pseudorandom bit generator (CSPRBG).
A CSPRBG is an algorithm for generating pseudorandom bits based upon some intractability
assumption. The algorithm requires a function that is easy to compute (polytime). but hard
to invert (no known polytime algorithm for inversion). If the assumption holds (i. e. inverting
is hard), then there is no polynomial time algorithm that can distinguish between the output
of the generator and truly random bits (18,50,52.80,109}.

This is certainly all one could hope forin a pseudorandom bit generator. Unfortunatgly, the
known CSPRBG algorithms have some problems, particularly for this application. The simplest
CSPRBG is based upon the assumption that it is hard to factor products of two primes x{vhere
the primes are roughly equal in size. The best algorithm for generating cryptographically
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strong pseudorandom bits using this function requires a multiplication of two k-bit numbers
mod another k-bit number to get Igk bits out [3]. This is very expensive in terms of hardware
and clock cycles, especially since k must be large before any of the theory mentioned above
applies. The multiplier and modulo circuits would occupy the whole chip. Each multiplication
and modulo operation could take many cycles and/or slow the clock down. Also because each

operation only produces lg k bits, we would have to perform a lot of them to generate all the
bits we need for the network switches.

In addition to the great expense, the cryptographically strong system does not integrate
well with the Benes network. All area between columns is needed for routing between switches,
so whatever pseudorandom bit generator is on the chip has to run within columns or sit above
the network. The lgk bits would have to be produced in a central location and shipped to the
switches which would cause nasty control problems, long buses, and perhaps wasted space.

Forced to sacrifice “randomness” for speed, simplicity, and feasibility, we decided to use a
linear shift register scheme. Linear shift registers produce pseudorandom numbers, not pseudo-
random bits which is what we want. However, there is a certain amount of theory to support
them. The discussion to follow contains, in the interest of conciseness and relevance. largely
definitions and mechanics. Refer, for example, to {7} for more details on the theoretical aspects
of this type of pseudorandom number generator.

The key to understanding the theoretical merit of the algorithm used on the chip is a shift in
perspective. The arithmetic systems we grew up with, such as addition and multiplication over
the natural numbers or the real numbers, are not the only systems that behave “normally”.
Appropriate definitions of elements, and the binary operations of “addition” (+) and “mul-
tiplication™ () operating over the elements result in an arithmetic system known as a field.
Fields obey many of the laws of standard arithmetic such as the distributive law, existence of
identity elements for addition and multiplication, etc. For more information on fields and to
get some insight into theoretical discussions of shift register schemes, refer to an introductory
algebra text such as {21,81].

One of the simplest fields is called GF(2), short for Galois field of two elements. The ele-
ments are {0,1}. Addition (+) and multiplication () are standard addition and multiplication
respectively mod 2. That is, add/multiply two elements, then divide by 2 and take the re-
mainder. With these definitions, addition and subtraction are both equivalent to the logical
exclusive or of two bits. I will abbreviate exclusive or as xor or the symbol &. Multiplication
becomes logical and (A).

We can now take our new arithmetic system one step further and use field elements as coeffi-
cients of polynomials. Addition and multiplication remain the definitions we are used to except
that addition/multiplication of coefficients is performed with the addition and multiplication
operators of the field. The case of the field GF(2) is particularly useful. Now n-bit sequences
can represent polynomials of degree n — 1 with coefficients over GF(2). These polynomials
are used so commonly, they have a special name: GF(2"). For example 10010 = z* + z is an
element of GF(2°).

If we are generating n-bit pseudorandom aumbers, a simple linear recurrence relation over
GF(2") will give mazimal period. All linear schemes will cycle at some point. Those. vu‘nth
maximal period generate 2" — 1 n-bit values before cycling. The value missing is 0. Thisis a
trap state from which only 0 can be generated.
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The recurrence relation used to generate pseudorandom numbers on the chip is:
% = (2 ¥%-1+y;)mod P

The n-bit values y; , yi—1, y;, and P are all elements of GF(2"). The bit representation of
polynomial y; is the next pseudorandom number generated. The bit representation of poly-
nomial y,_; is the last pseudorandom number generated and y; is one generated in the past
preferable not too close to y,_;. Assuming that some fixed number of values are stored, we
use the one generated longest ago. The variable z is the variable of the polynomial. The
polynomial P is a primitive polynomial over GF(2™). For our purposes, the only important
properties of primitive polynomials are that the leading coefficient (the coefficient of z"~') is
1 and that for any given n there are published tables of primitive polynomials for GF(2"). 1
used the small one in the appendix of [7] for testing. Since the leading coefficient of a primitive
polynomial is always 1, we can represent a primitive polynomial of GF(2") using only the least
significant n — 1 bits.

Although the recurrence appears nasty, it translates into a very simple algorithm with
very simple hardware requirements. The first thing to notice is that P; mod P where Py is
a polynomial over GF(2") and P is a primitive polynomial over GF(2") is quite simple to
compute. If the leading coefficient of Py is 0, the quotient P;/P =0 and the remainderis P.
That is, the operation has no effect because P > P,. If the leading coefficient of P is 1. then
the quotient P,/P =1 and the remainder is

PI—P = P1+P
= PBP

Thus, the result of P, mod P will always have leading coefficient 0.
The mod operator distributes so the recurrence relation can be simplified:

¥i =(Z - yi-1) mod P + y; mod P

Because polynomial y; was generated earlier via the recurrence relation, it must have leading
coefficient 0 so y; mod P = y; and

¥ =(z-y,-_1)modP+y,'

There are r = n/2 rows of switches in a Benes network with n inputs and ¢ = 2lgn -1
columns. The control bits of the switches in a row form a c-bit number, or alternatively an
element of GF(2¢). We will, in fact, look at it as an element of GF(2°*!) with leading coefficient
0 because each polynomial will be produced by a recurrence relation of the stated form with
the final modulo operation involving a primitive polynomial over GF(2°*!). The switch matrix
has r such numbers, so in the recurrence, y; might be better subscripted yi-r.

The multiplication by z makes the coefficient of z be the coefficient of z2, the coefficient
of 22 be the coefficient of z3, etc. For example (z% + z* + %)z = 2° + 2% + 23 as expected.
Looked at in the bit representation, it is just a shift left with the right side filled with a 0.

To generate a new c-bit pseudorandom number, the chip takes the last value generated an.d
shifts it left. If the bit shifted out is a 1 (that is, z - yi-1 has leading coefficient 1), theg it
xor's the shifted value with a primitive polynomial over GF(2¢t1). If the bit shifted out is 2




126 CHAPTER 7. PSEUDORANDOM PERMUTER CHIP

0. it does not do the xor. Finally, it xor's this intermediate value with the rth oldest value
calculated. This corresponds to adding in y,_,.

This algorithm has some good points. Firstly, it meshes very well with the architecture
of the Benes network. The switch matrix can serve as a matrix of values calculated in the
recurrence. If the switches are interconnected within the columns, calculated values shift along
when new pseudorandom numbers are generated. After r repetitions of the algorithm, all
switches have new settings. Secondly, the control and hardware necessary to implement this
scheme are simple. The hardware consists of xor gates and registers. It is also compact enough
to fit into the padframe with a 16 x 16 Benes network, and it is fast enough to run in realtime.

There are also some major disadvantages in terms of performance as a pseudorandom bit
generator. First of all, not all switch settings are possible from the generator since we can never
get even two rows with identical settings, not to mention three rows, etc. It is possible, then
that the chip cannot be set pseudorandomly to realize all permutations—a serious shortcoming.
Then, of course, there is the problem of whether maximal period is really a sufficient definition of
randomness, dismissing for the moment the concerns of space and time that forced the decision.
After all, it is periodic. The way the chip actually runs will cause some configurations to be

skipped in any given cycle. This makes the period even shorter, though it might make behavior
less consistent.

7.4 Architecture

This section gives a quick view of the overall architecture of the chip highlighting the main
architectural features. It begins the discussion of timing as it effects each unit, and gives
those details of the functional units' substructure needed to understand the next section on
operations. For more details of the structures of each unit, see section 7.6.

The chip has five main functional units: a control unit, a polynomial register. a main
register, a switch network, and a set of input latches. Figure 7-1 illustrates the communication
between units. The chip runs on a nonoverlapping ¢:,¢2 clock. Throughout this discussion
“on ¢; " means the same thing as “when ¢, is (or goes, depending upon context) high (logic
1)”. The same is true of “on ¢;".

The control unit accepts control information from off-chip, specifically a two bit op code
and a reset signal, and produces control signals for the on-chip circuitry. It also sends a signal
called flag directly to a pin to indicate the completion of some operations. The control unit is
implemented as the standard one-cycle PLA from HPLA and has the timing described in the
HPLA manual. Inputs are latched on ¢ and outputs are available, with potential glitches, on
the next ¢;. The glitches do not present problems because the signals are not actually used
until at least the following ¢1.

The polynomial register holds the least significant 7 bits of the primitive polynomial used
in generating pseudorandom numbers. As mentioned in section 7.3, the leading bit must be 1.
so there is no need to store it. On ¢;. based upon the value of a control signal, the register
either loads a new value from off-chip or helds its current value. The new value is available
immediately on the polynomial register's outputs. A piece of combinational logic generates
subcontrol signals which pass through superbuffers and are broadcast to 7 load/hold register
cells. From now on, we refer to this register as the poly register for short.

The main register serves as an accumulator during the generation of each pseudorandom
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Figure 7-1: The architecture of the chip. Dashed lines indicate control signals. Solid lines
indicate data signals.
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number. It holds a 7 bit number, conceptually a memher of GF(28) with leading coefficient

0 at the end of each computation. Each ¢, the main register performs one of the following
.actions based upon the values of its four control inputs:

1. load a new value from off~chip,

2. perform a bitwise xor of its current value and the current value of the poly register and
load the result,

3. perform a bitwise xor of its current value and the value available from the switch network
and load the result,

4. hold its current value,

5. or shift left.

The value loaded on ¢; is available at the main register outputs on the following ©;. As with
the poly register, a separate piece of combinational logic generates subcontrol signals which
pass through superbuffers and are broadcast to 7 register cells.

The switch network is the heart of the chip. It routes the 16 messages to the 16 output ports.
The destinations of the messages are determined by the values of the individual switch controls.
This and many of the other properties of the Benes network were described in sections 7.2
andl.2. For a 16 input Benes network there are 56 switches: 8 rows of 7 switches each.

The switch is a bit more complicated than the simple box in figure 1-1 would indicate.
Figure 7-2 shows a more detailed view of the switch with all its support circuitry. There are
three major subpieces of a switch: the next-set register, the current-set register, and the
front end.

The next-set register holds the value the control would be set to if the chip were to go into
a new configuration to realize a new permutation. The value of this register changes during
calculation of new pseudorandom numbers. On ¢; the register either [oads a new value or keeps
its old value depending upon the value of its control signals. The value loaded is available at
the register output on the following ¢;.

The current-set register holds the value of the switch control. This value holds steady
whenever messages are being sent. On ¢;, the register either loads a new value {rom the
output of the next-set register or holds its curreat value depending upon the values of its
control signals. The new value is available immediately. Figure 7-2 shows four control signals
for this register and for the next-set register. These are just clocked load/hold signals and
their inverses. All four come from a single signal sent by the control unit.

The front end is essentially the box shown in figure 1-1. Because the circuitry within the
box is implemented with pass transistors, each message signal also passes through an inverter.
The gates of the inverters serve as a site for charge storage if there were a reason to latch at
one or more places in the network. As it turns out, the switch network through which the
message bits flow is purely combinational. The inverters serve only in their secondary capacity
as boosters for the signals.

Each column of the switch network has its next-set registers connected into a big shift
register. They share control lines so they all either load or hold simultaneously. Each column
has two connections to the main register at either end of the shift path. Whenever the main
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register holds a newly computed pseudorandom number, the next-set registers load. This
causes the newly calculated value to flow into the next-set registers of the top row of switches.
Meanwhile all the old next-set registers values shift along the path. The row that contains the
last register on the shift path holds the pseudorandom number calculated longest ago. This is
the value added in at the end of the calculation of a new value, so it participates in the second
connection to the main register. Because the two ends of the shift path should be physically
close to each other for easy connection to the main register, each column is interlaced as shown
in figure 7-3. As mentioned in the discussion of the next-set register, the values load on 1
but are not available on outputs till the following ¢,. Thus whenever a new pseudorandom
number is loaded into the first row, all the old values travel exactly to the next row as specified
in the interlace pattern. Signals can never travel two arcs at once,

Control signals for the switches are all bused vertically within the columns since all the
space between columns is needed for the butterfly interconnection pattern. A separate piece
of combinational logic generates the control signals which then pass through superbuffers and
are broadcast to the base of each column. Each column then has another set of superbuffers to
power the signals through the columns.

The last functional unit, the input latches, is also the simplest. All 16 message inputs are
latched on ¢, so the input signals can change asynchronously. This gives a one bit per clock
cycle throughput on the messages. Signals emerge from the latches inverted. This results in
uninverted signals at the output ports because there are an odd number (7) of switches through
which each message bit passes and each switch inverts its inputs.

7.5 Operations

The chip has forr operations:
e load the poly register
¢ load a value into the top row of switches (shifting old values down)
¢ send messages

e get a new permutation.

This section describes each of the four operations in detail. It explains what each functional
unit does at each time step of each opcration, and, where necessary, explains why certain steps
are performed.

7.5.1 External Control

There are four signals used to control the chip externally: reset, a two-bit opcode, and flag. As
far as external control is concerned, the point at which ¢, rises is the only time of importan.ce.
That is when the input control sigrals (reset, op code) are noticed and it is when flag is valid.

Whenever the flag goes high, it means the chip has completed whatever it was doin; and
will look at and perform the operation specified by the op code on the nert ¢;. The flag S|‘gnal
is not valid until ¢, , so there is a whole clock period in which to set the op code and data lines.
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Figure 7-3: Interlacing within the columns allows easy connection to the main register. The
storage location of the newest and oldest values are now physically close. When the next-set
bits shift, each bit travels along the arrow originating in its current row.
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If the reset signal is high on ¢;, the chip will stop whatever it was doing and raise the
flag indicating that it is ready to respond to an op code on the next ¢,. This signal helps
initialize the chip by forcing the control unit into a known state. A complete initialization of
the chip includes setting the poly register and all switches (i. e. performing the load switches
operation 8 times). If the reset signal is not lowered, the flag will remain high and the chip
will do nothing. The reset signal should not be used when one cares about any data currently
in the chip’s registers. Do not make any assumptions about internal values immediately after
a reset.

For the operations of loading the poly register, loading a switch row, and getting a new
permutation, the external control sequence is as follows:

1. When flag goes up, set the op code and any external data signals involved in the operation.
The flag will go down after being up for exactly one clock cycle (as long as reset is low).

2. Clock the circuit until flag rises again.

All external signals are latched so they can change as long as they are stable during the o,
in which the op code is read (i. e. one cycle after the flag rises). Even the op code can change
after it is read.

The operation of sending messages is controlled differently:
1. When flag rises, set the opcode and the message inputs.

2. Clock the circuit. The chip will send through one message bit per cycle. Hold the bits

stable through ¢, and change to the next values of the message bits during ¢,. The flag
will not rise.

3. Whenever an op code other than the one for sending messages is placed on the op code
pins, the chip will react to it on the first possible ¢;. While in the other operations the
op code is ignored after start up and therefore can be changed. For this case, the op code
must be stable for the entire message sending process.

4. After a new op code is placed on the pins, continue clocking until the flag rises to signal
the completion of the new operation.

The remainder of this section will give details of each operation starting at the ¢ immedi-
ately following the one where the op code is noticed.

7.5.2 Load Poly Register (op code 00)

In the first cycle of this operator, the poly register loads from the external data lines. All other
registers hold. On the second and last cycle, the main register xors its current value with the
value just loaded into the poly register and loads the result. The flag rises at the completion
of this cycle.

The latter action is a safety measure for the pseudorandom number generator. If the valuein
the main register is 0 and the value of all the next-set registers is 0, then the generator enters
a trap state from which it generates only 0. That is, the recurrence becomes y; = 0-r + 0.
Although this situation seems artificial, it can happen quite easily. If for some reason one




7.5. OPERATIONS 133

wanted to force the identity permutation via external switch setting, the easiest way to do it is
by setting all switches to 0. In fact, the software support [ wrote to test the design would do
it that way. The switch setting operation leaves the next-set registers with the same values as
the current-set registers.

The xor should ensure that the pseudorandom number generator will not start off in a trap
state. In fact, it does not as long as the polynomial loaded in is indeed the lower 7 bits of
a primitive polynomial representation. Primitive polynomials must have lowest bit 1. That
is another property of primitive polynomials not mentioned in section 7.3. Thus if the main
register reads all 0’s, it will be changed to have at least one 1. If by some bad luck the xor
actually made the value in the main reg be 0, then we are safe anyway. For the xor to yield 0.

the original value in the main register, which is the same as the value of the next-set registers
in the first row, must have been nonzero.

7.5.3 Load a Switch Row (op code 01)

In the first cycle of this operation, the main register loads a value from the external data lines.
These are the same lines the poly register loads from in op code 00. The value is read on o
and available on the main register outputs on ¢,. All other registers hold.

The second cycle is more complicated. On ¢;, the value in the main register is xor'd with
the value in the poly register and loaded back into the main register. This new value will not
show on the main register outputs until ¢,. This action is performed for the same reason it was
done on tire load poly register operation: to prevent a trap state in the pseudorandom number
generator. Since both the [oad poly register and load switches operations do this. the order of
initialization does not matter.

Meanwhile, during the same ¢; as the xor, the next-set registers are loading. The value
in the main register (i. e. the value loaded from the external signals) is loaded into the first
row and all other values shift along in accordance with the interlace pattern. Thus performing
this operation 8 times will set all switches. On ¢, the new values in the next-set registers
become valid and the current-set registers load. The poly register holds through the whole
operation. The flag signal rises at this point to be noticed on the next ¢,.

7.5.4 New Permutation (op code 10)

This operation is very simple. The current-set register on each switch loads from the next-.cet
register on ¢, . All other registers hold. The flag signal goes up to be noticed on the next o .

7.5.5 Send Messages (op code 11)

The actual act of sending the messages is very simple. On each ¢;, the values in the message
inputs are latches and propagate through the combinational network of switches. The switch
current-set registers and the poly register hold steady whenever messages are sent.

To give quick response to a request for a new permutation, the pseudorandom number
generator circuitry works in the background while the messages pass through. It operates as
follows: on the first ¢y, the main register shifts left while the next-set registers hold. If the bit
that is shifted out is a 1, then on the following ¢, the value in the main register is xor'd with
the value in the poly register and loaded back into the main register. Then on the next ¢, the
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value in the main register is xor’d with the value in the second row of switches (oldest). If the
value shifted out in the first step is 0, the chip skips the xor with the poly register and goes
straight to the xor with the values at the end of the nezt-set register shift path. Following the
latter xor, the next-set regjsters load while the main register shifts to start the whole process
over again.

As long as the messages being sent are at least 25 bits long, all 8 rows will be replaced
(that is, 8 x 3 cycles +1 for lag on the the first load. If the messages are longer or there are
0’s shifted out in some of the computations, the values in all the rows will be new. but the
computation will continue. There will just be skipped configurations.

External switch settings add extra “randomness” while the bits in the switches shift out

and are used in the calculations. Afterwards, the pseudorandom number generator settles into
a maximal period.

7.5.8 Switching Out of Message Sending Mode

As mentioned before, the way to stop sending messages and perform one of the other three
operations is to change the op code. The chip stops pumping through messages. Its exact
actions, however, depend upon the new op code. If the new op code is to load a switch row or
load the poly register, the chip aborts the computation of the pseudorandom number generator.
The new operation will scramble the main register contents. Also, these operations indicate a
new initialization. If the new op code is to get a new permutation, the current-set registers
load immediately. Then the chip finishes the last computation of the pseudorandom number
generator before raising the flag. This is so that in a steady state use of ... new permutation.
send messages, new permutation, send messages, ... the pseudorandom number generator
operates as expected, not scrambling its computations in the middle.

7.6 Logic Design and Layout

This section gives details of the actual implementation of the architecture described in sec-
tion 7.4. The first subsection describes the overall design and layout concerns and priorities.
The second subsection gives details of the implementation of individual functional units lay-
out methodology for any unusual units. The final subsection criticizes the implementation,
indicating where it could be improved.

7.6.1 Overall concerns

Five major rules shaped the final logic design and layout of the chip. First of all, we designed
with scaling in mind. We made design decisions as though the chip were to have 32 or even 64
message inputs rather than the 16 it was feasible to implement. Secondly, we sized power and
ground buses to avoid problems with electromigration. Thirdly, we placed body plugs at least
every 50\ within active areas. Fourthly, we used nand gates rather than nor gates in random
logic. The last rule almost goes without saying: we tried to make the layout as compact and
regular as possible, avoiding layer changes, etc.

The scaling rule influenced the shape of most of the functional units. It was clear that the
Benes network of switches and interconnect would take a fair amount of space. Because each
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cell of the main register has to communicate bitwise to a column of the switch network and
bitwise with cells of the poly register, it makes sense to place the main register above the switch
network and the poly register above the main register. Theoretically, however, this would seem
to be the dimension we could least afford to put these, especially if the design is to scale to
larger networks. For a Benes network of n inputs, the number of columns grows as a function of
lgn, specifically 2lgn — 1, while the number of rows grows as a function of n, specifically n/2.
As n grows, the number of rows goes up exponentially faster than the number of columns. In
laying out the individual switches, therefore, we tried to squeeze down the vertical dimension
(the one with O(n) growth in the network).

This decision in turn influenced the rest of the chip. The switch layout is indeed a very
skinny rectangle. When n = 16, the asymptotic behavior of the network is not yet apparent.
In fact, the numbers in rows and columns are almost equal. Although the switch layout may
be perfect for a 32 or 64 input network, it results in a skewed 16 input network. The rows are
much longer than the columns and, in fact, fill virtually the whole pad frame in that dimension.

Figure 7-4 shows the final floorplan, more or less to scale. We had been worried about
finding room to place the main register, poly register, and superbuffers for the switch control
signals above and below the switch network. We were forced to place all remaining circuitry in
that dimension and found that we had plenty of room. In fact, to make interconnection between
the switches and registers easier, We tried to squeeze the register control combinational logic
horizontally, exactly the opposite of what we did for the switches.

Sizing of power and ground buses unfortunately did not figure into the early planning of
the chip. It was not until the layout was almost completed that a colleague pointed out that
the chip would die instantly of electromigration. The chip originally had all power and ground
lines a uniform 4\ wide. As it turned out, the fix was easy. The major power and ground buses
(superbuses) that come off the pins and feed the switch network are 50\ wide to match the
width of the lines at the pins. This is much more than actually needed. The lines narrow down
to 4\ within cells except for within the pla. The pla was generated by hpla and we did not
quibble with the sizes chosen by the original designer . The widest rails of the pla are attached
to the superbuses by lines of the same width as the pla rails.

To avoid the problem of latch up we tried to adhere to the rule of body plugs every 30X
within the guts of the chip. Wherever there are gates, PN butting contacts make the job simple.
It is more difficult to do in areas where there is just interconnect or pass transistors.

The switches have places at either end where a vdd rail extends past the area where it is
required for gates so it can power a body plug. In both cases, this extension does not add
to the size of the cell. In places where the extra body plug would increase the basic cell, the
optimization is ignored. After all, the latch up problem is not as major in areas where there
are no gates and the 502 figure is just a rule of thumb.

There are three areas of the chip with body plug spikes. These are runs of vdd with nothing
attached but a series of body plugs spaced approximately 50 apart. They are in areas of
essentially open space between cells where the vdd line is running anyway. The three areas are
between the cells of the poly register, between cells of the main register, and between superbuffer
cells on the bottom. The spikes are spaced about every 50A

The fourth rule of thumb influenced logic design: in CMOS, nand gates are better than nor
gates because the pullups are in parallel, speeding up the slower P-type transistors. Thg chip
uses a nor gate only as a subpiece of the xor gate. All other logic uses only 2-, 3-, and 4-input
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nands, inverters, and pass gates. The choice of nands did not even add to the number of gates
or transistors.

7.6.2 Implementation of Individual Units

The Control Unit

The control unit has three subparts. The first is a one-cycle pla generated by HPLA,
specifically, CMOS4ONECYCLE. The second is a row of pass transistors gated by ¢, which
latch the pla inputs. The third is the peripheral circuitry on the outputs of the pla. A row
of inverters guarantees a place for charge storage. The state bits used to determine the pla’s
next actions travel through another set of inverters and back to pla inputs. The flag control
signal is also inverted once again. All other pla outputs participate in combinational logic
elsewhere. Appropriate choices of gates in these combinational networks compensates for the
signals’ inversion. In fact, the inversion usually makes nand gates easier to use and is therefore
a bonus.

These are the control signals generated by the pla. The “p”, standing for pla. in front of the

name distinguishes the signals emerging from the pla from those that arrive at final destinations
after one or two inversions:

e ppolyl—The one poly register control line. If it is high, the poly register loads from
external lines on the next ¢;. Otherwise it holds.

The next four signals control the main register.

o phold—if high, the main register holds its value on ¢;. Otherwise, the other signals
determine the behavior.

e pxor-if phold is low and this is high, the main register performs an xor as specified by
pxornorth.

e pxornorth—if phold is low and pxor is high, then this tells the main register how to xor:
if it’s high, xor with the value from the poly register, and otherwise, xor with the value
from the switches. If phold is high or pxor is low, this signal is ignored.

o pload—if phold and pxor are low, then this signal specifies the operation of the main
register: if high, load a value from the external lines, and otherwise, shift left.
The two switch control signals:

e pnext—if high, the next-set registers in the switches load on the next ¢,. Otherwise,
they hold.

e pcur—if high, the current-set registers in the switches load on the next ¢;. Otherwise,
they hold.

External control:

o flag—indicates completion of some operations. See the discussion in section 7.5.
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The one-cycle pla generated by HPLA has the advantage of quick generation of signals and
quick response to outside control. It also eliminates the need for an extra register to hold the
value shifted out of the main register in pseudorandom number generator calculations. The
one-cycle pla is ready to use that information before it disappears and produces the signals the
necessary control signals to give the main register maximal throughput.

The one-cycle pla does have some problems though. The glitches that the HPLA manual
warns about do not effect the chip because the chip is entirely synchronous and nothing uses a
signal until it has had time to settle. The two real problems are solved with additional circuitry.
First we must add latches for the inputs because asynchronous changes in the signals will effect
the operation of the pla. The fact that many of the signals will change on ¢; makes the latches
imperitive.

The second problem is that the outputs go through pass transistors, but there are no gates
upon which to store the charge. Because there are many stray capacitances in VLSI chips. any
gate that is supposed to store charge must be as close to the pass transistor as possible. This
ensures that the gate capacitance far outweighs the stray capacitances. In order tc do this,
we yanked out a row of inverters from within the pla just above the pass transistors. These
inverters are very dense and roughly aligned with the outputs. We then adjusted the inverters
until they fit onto the outputs without violating design rules.

The Switch Network

The only interesting thing about the chip control circuitry is that it happens to be in a
convenient place to invert the clocks. The clock inverters are 9 : 1 on the assumption that the
true signals are driven as hard as necessary externally. The pass transisiter network was fairly
difficult to layout, with four pairs of interconnected transistors gated by two control signals.
Nevertheless, the layout did turn out to be fairly compact.

Figure 7-5 illustrates how the interlacing is actually implemented. There are two data paths
for the next control bit: one flowing down, the other flowing up. The even switches (0.2.4.
etc. numbered from the top) take input from and place output on the downward line only. The
odd switches use only the upward line. The end switches (a special case of an even switch)
take input from the downward line and place output on the upward line. For regular ever
and odd switches, whichever line is not being used passes through uninterrupted while the line
that is used is interrupted by the next-set register of the switch. For the odd switches, the
“uninterrupted” line has to make some detours in the actual layout. All types of switches—
even, odd, or end—are pitch aligned to share all control signals, both next-set data paths,
power, and ground.

Figure 7-6 is a copy of David Wise's proposal for a butterfly interconnection layout [126].
This layout has exactly the same functionality and properties of the regular butterfly layout. It
even has the same recursive divisions. The interconnection between columns 0 and 1 involves
all 8 switches. The interconnection between columns 1 and 2 consists of two copies of a smaller
pattern involving 4 switches, and so on.

The Wise interconnection pattern has some advantages over the traditional interconnect
pattern. First of all, all the lines are roughly the same length (exactly if we ha'd 15 degree
lines). Secondly, it is totally symmetric so that instead of reflecting interconnect pieces to form
a Benes network, either a reflection or a rotation will do. More importantly, for layout , only a
translation is needed. Also it is clear how to lay it out in VLSI (with 45 degree lines allowed):
route northwest traveling lines on one layer, say poly, and northeast traveling lines in the other
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Figure 7-5: The implementation of the interlacing. There are two data lines for the next-set
registers. The one on the left sends data down. The one on the right sends data up. Connection
points for each switch depend upon the switch's location within the column.
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Figure 7-6: The butterfly interconnection pattern proposed by David Wise. The filled semicir-
cles are contacts.
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Figure 7-7: Base pattern used to implement the Wise interconnection pattern. The filled box
represents one possible place for a contact. A primitive box is shown below the pattern. The
figure is made of many copies of these boxes. From this pattern we can make interconnection
patterns of any size by properly placing contacts and cleaning up the boundaries. The black
box is a potential contact point between the dashed layer and the solid.

layer.

To see what the whole interconnect would look like, take two copies of figure 7-6. Turn one
upside down (symmetry helps here) and place it on top of the other overlapping two columns.
We actually did that and used the “hardcopy” to hand trace permutations during the testing
of the chip.

When we were first planning this chip, we thought the switch interconnect, including the
translation of the Wise layout to a rectilinear geometry, would be painful. time consuming,
and error prone. We were pleasantly surprised. Although we spent a few hours planning, the
methodology! we used allowed us to do the entire interconnect layout in a couple of hours with
no functional errors that were not caught by design-rule check. Were we to have build a 32 bit
network, it would have taken about ten to fifteen minutes longer.

First we decided to approximate the diagonal lines with many-jogged lines. It is not clear
that the jogs add appreciably to resistance. Figure 7-7 illustrates the template we used to gen-
erate the network. The poly and metal lines have the same horizontal and vertical increments.
The poly lines’ start points are set back so that there are nice crossovers. If both types of lines
started out even, then there would be long runs of direct overlap of poly and metal. This would
cause fabrication difficulties because of the hill and vale problem. The poly lines may elevate
the surface upon which the metal lines are placed. If a metal line runs directly over the hill of
a poly line, the metal may roll off the sides.

The pattern of figure 7-7 is easy to cut into the final interconnect. The metal and poly have
runs that are close together, so we just make a contact over the two as shown by the solid boxes
in figure 7-7. We then remove the unnecessary lines. The runs upon which the contacts are
placed are large enough for two contacts side by side, so two patterns will fit together nicely

'suggested by Charles Leiserson




142 CHAPTER 7. PSEUDORANDOM PERMUTER CHIP

4 (31313 (13}13|3]{2
5 1
5 1
5 1

= primitive cell

Figure 7-8: The places where we use special interconnect cells. This represents the tile pattern
between columns 0 and 1. The numbers within the boxes are used as identifiers. For example,
the upper right corner is a different cell from the upper left corner.

the way figure 7-6 suggests.

The actual layout was quite easy. We made a primitive box (see figure 7-7). We decided the
dimensions of this box based upon the vertical spacing between outputs in a switch row and
upon the minimum contact size and spacings. The primitive boxes tile to make the interconnect
pattern of figure 7-6.

We started by laying out a four input by four input (2 switch by 2 switch) interconnect
pattern, then an eight input by eight input pattern, and so on making special cells as needed.
The special cells put in the contacts and break lines, form the connection to the inputs of the
next switch row, etc. In all we needed five special cells as illustrated in figure 7-8.

We wanted to be sure that we could still tile cells to make interconnection blocks and tile
blocks to make an entire connection between columns. Therefore, we added small, nonfunctional
boxes of diffusion to the special cells such that the bounding boxes of the special cells aligned
as needed. We knew we could ignore any design rule violations that had to do with diffusion
because the interconnect pattern uses only poly and metal. We removed the diffusion tabs
when the switch interconnect was completely finished.

The Poly Register

All of the combinational logic used to generate subcontrol signals looks very similar. All
subcontrol signals are generated in pairs—the true and complement—and all pass through
superbuffers. We created two cells, each of which buffers a signal and its complement. We also
built an inverter for the signal that fits right in front of the buffer cells. In the poly register
control, both pairs of signals generated have the input to the inverter routed high and the result
of the inversion routed low. However, the interface between the buffers and the inverter allows
routing the other way. The other control units sometimes do that. The superbuffers tile well
and the nand gate rails match those of the buffers and the inverter.

We used the same methodology to build all control logic. If there were k (sig, sig) pairs
to be generated, then we started with & buffer cells tiled as with the poly register control unit.
Then we added the inverters and attached them to buffers depending upon the order in which
we wanted the signals to emerge at the left side. The far right end (signal generation) depended
upon the exact logic necessary. There are 2-, 3-, and 4-input nands, all with rails to match
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the buffers and inverters. Most of the interconnect is either straight across a rail, or travels
along the rail .

The individual poly register cells are pitch-aligned with the main register cells which are
in turn aligned with the switch columns. The aligning was somewhat difficult because the
switches are not evenly spaced. The space needed for the interconnection pattern between
columns grows exponentially outward from the center of the network. As shown in figure 7-6,
the connection between the innermost columns requires one contact, the next interconnection
requires two, then four, etc. Fortunately, we did not have to hand route the interconnection
of poly register cells. The broadcast control signals and vdd rail do not jog within the cells.
Therefore, we made an interconnect cell for the largest distance separating cells and reused it
for all connections. Overlap does not interfere with the cell. It just coincides with the lines
already there.

The Main Register

For all the cells discussed so far, the subcontrol signals were for simple load/hold registers
and the function was clear. With the main register, however, a little explanation of the sub-
control signals is in order. The signals c-load, c-shift, and c-feedback control what type of value
is loaded into the main register. Exactly one of the three signals is high on each oy . They are
all low when ¢, is low since the main register only loads new values on ¢;. If c-load is high.
the new value is from off~chip. If c-shift is high, the new value of each cell comes from its right
neighbor (or 0 at the far right). If c-feedback is high, the new value is a function of the old
value. The three signals c-xornorth, ¢-xorsouth, and c-xorgnd control the value of the feedback
loop (i. e. the value loaded if c-feedback is high). Again, only one can be high at once. If
c-xornorth is high, the value in the feedback path is the old value xor'd with the corresponding
bit of the poly register. If c-xorsouth is high, the value of the feedback path is the old value
xor’d with the corresponding value from the switch network. If c-xorgnd is high, the feedback
is the old value (a straight hold).

The preceding section discussed some of the methodology used in the layout of the main
register control unit.

7.6.3 Problems with the Layout

The major problem with this chip is that the global placement and routing is, to be generous.
poor. For example, there are large bundles of poly wires which run three quarters of the way
around the perimeter of the design. When we originally drew the floorplan, we had very little
idea of the sizes of each of the pieces. We wanted the control unit on the left side near the most
significant bit of the main register which is needed as an input to the pla. We did not think
the combinational logic for the switches would be as small as it was. We also chose to send
the end-around signals in poly because we thought we would be squeezed for routing space. By
the time the true sizes were apparent, our hands were tied. In other words, we did not want
to take the time and risk involved in changing a working layout and replanning the layers and
directions of most of the signals.

There are many ways the layout can be improved. If the placement of the units stay the
same, the routing can improve. First we can change the long poly end around runs to metal
and make the signals to/from the pins that cross these signals do one jump to p.o'ly and back.
The external-load signals have to jump the ground lines anyway. Another possibility would be
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to rotate the combinational logic for the switches and route the signals around the left end.
This would make connections to the control unit harder to route, however.

A better move would be to move the combinational logic for the switches underneath the
design. Then we could route the two control signals around to the left, the short way, rather
than making eight long runs. This would pose a new problem of what to do about inverting
the clocks. Perhaps we could still invert ¢; within the combinational logic for the switch,
connecting to the (¢7, @;) lines that run within a column. The input latch vector might be a
good place to invert ¢y, as far as layout is concerned, but that might lead to a big skew between
¢ and @, within the pla since the pla would be attached to the ¢, pin. The true signal would
travel from the pla to the latches where it would be inverted. Then the complement would have
to travel back to the pla, arriving after the signal from the pin.

One other possible fix would be to move the combinational logic for the switches below as
just explained, shift the pla slightly to the right, and move the subcontrol generation units
for the poly register and main register to the left end rather than the right. Then the control
signals for the two registers would not have to be bused from the pla across the whole chip.
Anyway, the possibilities are endless and most of them are better than what is there.

Minimum size inverters have many problems, and in fact 2:1 inverters are much better.
This optimization, however, may make the chip too large for the pad frames we have available.
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